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1 Galilean Relativity

The core tenet of relativity is that physical laws must be indistinguishable — the fundamental
equations of physics must take the same form — when we switch from one inertial frame to
another. The difference between Galilean Relativity underlying Newton’s laws of motion and
Einstein’s Special Relativity is the very different notions of an inertial frame. Let us begin with
the former, since it is likely already familiar.

Newton’s 1st law of motion is really a definition of an inertial frame: if there are no forces
acting on an arbitrary system and if all such force-free systems travel at constant velocities, then
the frame in which these observations are made is an inertial one.

Newton’s 2nd law In such an inertial frame, using Cartesian coordinates  to describe
the location os some mass m, its acceleration is governed by Newton’s second law:

2 -
m(jin = mZ = Fiotal, (1.0.1)
where ﬁtotal denotes the total force acting on it. Note, however, that Newton’s 2nd law does not
tell you what the forces {ﬁ } are; they are to be determined by empirical observation of the real
world.

Flat Space In writing eq. (1.0.1) using Cartesian coordinates, there is an implicit
assumption that Newton’s laws of motion applies in flat space, whose precise definition I shall
delay for a while. Roughly speaking flat space is where the rules of Euclidean geometry holds:
parallel lines do not cross, sum of internal angles of a triangle equals 7, the Pythagorean theorem
holds, etc. For example, the surface of a perfectly spherical ball is not a flat space; parallel lines
can meet, and sum of the internal angles of a triangle is not necessarily 7. Being in flat space
means, we may extend a straight line from mass m; at ; and mass ms at ¥y, and denote the
resulting vector as

Ay = Ty — 7. (1.0.2)

In particular, if both masses experience no external forces, 77 2 = 0, we must also have

Ais =0, (1.0.3)

whose solution tells us the relative displacement between them must amount to constant velocity
motion:

To(t) — F1(t) = Ay = Ag+ V - 1, (1.0.4)
for time (¢—)independent ‘initial displacement’ Ay and ‘initial velocity’ V.

Problem 1.1. Force-Free Parallel Lines on 2-Sphere Consider two masses m; and
my located on the unit 2—sphere, with trajectories ¥ (t) and ¢5(t). We shall let their initial
velocities at ¢ = 0 be perpendicular to the equator at # = w/2. This means they are initially
parallel. Below, we shall verify that the following trajectories are indeed force-free:

, T
Yo = <§ — ot, ¢1,2> ; (1.0.5)



where ¢; o are the constant azimuthal angles of the masses’ motion.

Verify that the velocities of m; o are both —voa What time ¢ do they meet at the North
Pole? For A¢ = ¢ — ¢; small enough — namely, the trajectories are nearby enough — so that
the local region of space containing the two masses at a given time ¢ can be considered nearly
flat space, show that the displacement vector joining my to ms is

&1_>2 = COS(Uot)Agb : é; (106)

This problem illustrates the difference between force-free motion on a curved space versus that in
flat space: not only can initially parallel trajectories eventually meet, their relative displacements

are not acceleration free — unlike their counterparts in flat space in equations (1.0.3) and (1.0.4).
O

Recall that, if X is the relative displacement from point A to B, the Pythagorean theorem
informs us that the square of the distance between them is X {2 = X - X, where the - is the the
ordinary dot product. In an infinitesimal region of space, the infinitesimal distance d¢ between
Z and ¥ + d7 is therefore

d* = dz-dz. (1.0.7)
A word on notation: instead of labeling the Cartesian components {x,y, z}, we shall instead call
them {z', 2% 23}. Here, {z|i = 1,2, 3} does not mean x raised to the ith power; but rather the
1th component of the Cartesian coordinate vector . The Pythagorean theorem reads, in 3D
space,
df? = (dz*)? + (dz?®)? + (da®)?. (1.0.8)
This is also a good place to introduce Einstein summation notation. First, we define the Kro-
necker delta,

0ij =1 ifi=y (1.0.9)
=0 if i # 7. (1.0.10)
Notice, this is simply the identity matrix in index notation. Then, decree that
whenever a pair of indices are repeated — for e.g., A°B? — they are implicitly
summed over; namely, A'B' =%, A'B" .
For instance, the dot product between a and b is now expressible as

i-b=Y aV =d;a't. (1.0.11)

We may thus rephrase the Pythagorean theorem as
dl? = §;;da"da’. (1.0.12)

If we choose instead some other (possibly curvilinear) coordinates {y'}, we may simply compute
the Jacobian dx'/0y® in order to obtain d/ in this new system:
oz’ O’ oxr 07
a2 = 5,050 quaqp - (92 0
Oy Oyb oy® 8y
Much of vector calculus operations follows from this object g.4, usually dubbed the ‘metric
tensor’.

) dyady = ga’b’( )dyadyb. (1013)



Problem 1.2. Extremal length implies straight lines Let Z(Ag < A < A1) be a path
in space that joins 2’ to -

A= )\) =7, A =\1) = 7. (1.0.14)

Total length of this path can be defined as

z A1
W& & 7) = / NCENES / SWiCEND (1.0.15)
T’ Ao

where (dZ/d\)? = (dZ/d\) - (dZ/dN). If £ is extremized, show that Z are straight lines joining &’
to @; namely,

F=7 4 fON)(F - T); (1.0.16)

where f is an arbitrary but monotonically increasing function of A subject to the boundary
conditions f(A = Xg) =0and f(A=X) = 1. O

Covariance Now, even though we defined Newton’s second law eq. (1.0.1) using Carte-
sian coordinates, we may ask how to rephrase it in arbitrary ones. Afterall, a car or building
should function in exactly the same way no matter what coordinate system the engineer used
to design them. Geometrically, the length of a curve or the area of some 2D surface ought not
depend on the coordinates used to parametrize them. Coordinates are important but merely
technical intermediate tools to describe Nature herself. This demand that an equation of physics
be expressible in arbitrary coordinate system — that the rules of calculation remains the same —
is known as covariance.

We may begin with a function of space f(Z), which returns a unique number f given a
unique location & in space — temperature of a medium at some point & is an example. Imagine
the trajectory of a point mass Z(t) passing through this medium, so that f(Z(t)) is the value f
measured by it as a function of time. The time derivative is, by the chain rule,

df  da' of

= -, 1.0.1
dt dt Ox? (1.0.17)
If we change the coordinate systems,
7 =2(Y), (1.0.18)
Z(t) = Z(y(t)); (1.0.19)

then we had better get back the same f as long as © = Z() remains the same point:

F'(y) = (&), (1.0.20)

where the prime does not denote a derivative, but rather f'(y) is the function f but now written
in the « coordinate system. This, in fact, is the definition of a scalar function. Moreover, we
may consider the time derivative

df'(gt) _ dy* of(@(y(t))) _ dy 92 Of(&(t)) _ da’ Of(2(2))

= = - = . 1.0.21
dt dt oy dt oy* Ozt dt  Oa? ( )




Since f itself was arbitrary, we may therefore identify the tangent vector along the trajectory to
be
d dy* 0  dy*0z" 0 dz® 0

— = = - = - 1.0.22
dt dt dye dt Oy® Ox* dt Ox* ( )

Notice, from the second and last equality, that this notion of a tangent vector — i.e., the velocity
tangent to some prescribed path — takes the same form no matter the coordinate system used.
The two expressions in the ¥— and y—system are in fact related by a contraction with the
relevant Jacobian. Moreover, notice d/d¢ for an arbitrary trajectory is really a superposition of
the partial derivatives with respect to the coordinates employed; hence the collection of all such
d/dt is the vector space at a given point in space spanned by these {0;}.

Let’s turn to the second derivative version of d/d¢, which we shall denote as D?/dt*. We
demand, like d/dt, that it takes the same form no matter the coordinate system used. The
answer is

D2 d2 7 )
_( Vo (1.0.23)

v’ RO
A2\ de?

where the I, are known as Christoffel symbols. (Note: (d/dt)? # D?/dt?.) For any spatial
metric d¢? = g, dy®dy?®, it can be computed as

1

Fiab(g) = i(g—l)zc(g) (ay“gbc + aybgac - 6yﬂgab) . (1024)

By viewing gq, as a matrix (with ¢ and b being the row and column number) we have defined
(g71)% as the (a,b)-component of its inverse. For the flat metric at hand, if ¥ are Cartesian
coordinates and 3 are some other (possibly curvilinear) ones, so that g, = Oy - Op 1,

(g7 (F) (0ye (OpT - Dye®) + Oy (DT - DyeT) — Dye (Do - D7) ) (1.0.25)

&
e
>
~—~
<
S~—

|

N~ N~

(g7 (G) (20,0 T - Oy + Oy Dy + O - Dyayeld — Dyeya T + OpE — Oy - DyepT)
of  0F

= (g9 5r0F Dy (1.0.26)
The inverse of the metric is
—1\ab /> i'aya ayb
(971)"(5) = 075 (1.0.27)
because
_ N Oy® Oy 0z Ox!
1 \a __ 1\ac _ 2 YT Yy e
(979 = (97)" 9 = 5555 5y Oy (1.0.28)
Oy oz 9zt Oy ,0x
= -—— = -0 — 1.0.2
Ozt Ozt Oyb  Ox' " Oyb (1.0.29)
a ! a
_ WO _ O _ s (1.0.30)

T odlaye oy



In other words,

D? d%y N ox oF dy*dy®\ 0
— = )y . — : 1.0.31
a2 <dt2 ) W o ar i > By (1.031)
(&Y 8yi% oz OxF dy“d_yb 0 (1.0.32)
S\ de2 oxl ot Oyrdyb oy dt dt ) Oy o
(LY oy o' dytdy’ 0 (1.0.33)
S\ d2 Ozl oyeoyt dt dt ) oyt o
Problem 1.3. Coordinate Transformation Consider changing coordinates i = %(Z), so
that, for instance,
0 0zF 0 dyt Oy’ dz®
dy®  Oy* 0zk o dt  0ze dt (1.0:34)
— show that D?/dt? does indeed take the same form:
D? d*zt 020 o2l dz*dzb\ 0
D°_ (4% 02 9« d*d2’y 0 1.0.35
dt? <dt2 * Ozt 0z00z0 dt dt ) 0zt ( )

Observe that, we recover the ordinary acceleration d*z’/dt?> when Z = Z; in fact, one approach
to this problem is to show that

D%z
dt?

#0, =

0.1 (1.0.36)

for arbitrary but invertible Z(%). Moreover, since this definition takes the same form under
arbitrary coordinate systems, we may take it to denote the fully covariant form of acceleration

al = 3 4 (021)02Y)(0%2! ) 02°02°) 22 5b. O

Problem 1.4. Classical Mechanics on 2-Sphere We may exploit the first line in eq.
(1.0.31) to describe acceleration D?z%/dt* on the 2—sphere. Simply view & as the unit-length
Cartesian displacement vector parametrized in spherical coordinates:

Z = (sin  cos ¢, sin 0 sin ¢, cos ) . (1.0.37)
Next, define
i = (0, 0). (1.0.38)

Show that

L, 0o or [1 0 Caby |1 0
9ab(Y) = oy . 8_yb = [O <in? g ] and (97 )"(y) = [ 0 1/sin?0 ] . (1.0.39)

By computing dy/dz and 8%x/0xdx, show that the trajectories in eq. (1.0.5) are indeed
acceleration-free: D260/dt? = 0 = D?¢/dt>. O




Euclidean symmetry We record here without proof that the most general coordinate
transformation # = #(Z") that preserves the form of the metric in equations (1.0.7) and (1.0.12)
— namely,

= = oz oz / b 2 =
. = . a = . 1.0.4
dz - d ( 9 D /b) dz"*d2” = d7’ - d7 (1.0.40)
is given by
f=R-7+a, (1.0.41)

where R is an orthogonal matrix obeying RTR =1 and G is a constant vector. YZ: Switch to
Analytical Methods.

Galiean Transformation and Newtonian Gravity An important example is that
of Newtonian gravity of N point masses. In an inertial frame, Newton’s second law for the A-th
mass reads

. aQ 7.7
mafa=—Y NTATS (T4 — Fp) (1.0.42)

BAA |74 — 5[

That we are in flat space is what allows us to write the displacement vector between m 4 and mpg
as ¥4 — p and the associated distance as |Z4 — Zp|. Additionally, let us perform the Galilean
transformation

F=R-Z+d+V-t and t=t, (1.0.43)

where ﬁ, ‘7, and @ are constant; moreover RTR = 1. This relates two inertial frames by a
constant velocity displacement as well as spatial rotation and/or parity flips. Note that eq.
(1.0.41) is a subset of eq. (1.0.43); i.e., where V = 0.

For Newtonian gravity, eq. (1.0.43) leads to

Ta—Tp=R-(Ty—Ty), (1.0.44)
T4 — Tp| = |7y — T, (1.0.45)

whereas
I=R-7. (1.0.46)

Altogether, Newtonian gravity now reads

G R b -
P (xg 5), (1.0.47)
B#£A xA_xB|
In index notation,
. G g
maR i =R,y Nmamp(Ta — Up) (1.0.48)
AL
B#A A B



Multiplying both sides by ET, we see that Newtonian gravity is in fact invariant under the
transformations in eq. (1.0.43):

Yy Gxmams - (T4 — ¥p) (1.0.49)

T 7y — TP

B#£A

To ensure that Newtonian gravity may be expressed in arbitrary coordinate systems, we contract
both sides with the partial derivatives:

) G . AW )
MmAih O = — Y AT (j”Ag T5)g.. (1.0.50)
B#A T4 — Tp|

Previously, we have already seen that if Z(Z) is given the coordinate invariant version of the LHS
is 7'0, = (D?z'/dt?)0,:. On the other hand, 0,: = (92%/02")0... We therefore arrive at

D2 a . i b a
;Aaza --3 Gnmamp - (Th = 2p) 02" 5 - (1.0.51)

AT T4 — TP O

B#A
Problem 1.5. 2-Body Newtonian Gravity: Spherical Coordinates Suppose a small
mass m is orbiting a much heavier one M, i.e., m <& M, so that Newton’s law of gravity reduces
for the small mass’ trajectory & to

. GNM Z

where & are Cartesian coordinates. Use eq. (1.0.35) to show that, in spherical coordinates,

. . M
r
.9 . .
0+ ;1*9 — sinf cos ¢ = 0, (1.0.54)
.2 .
¢+ —r¢ + 2cot 00¢ = 0. (1.0.55)

r

For practical purposes, it is useful to choose the coordinate system such that the orbit takes
place on the § = 7/2 plane. ]

Classical Mechanics & Galilean Symmetry For slowing moving classical systems
(v/c < 1), the Galilean transformation in eq. (1.0.43) are expected to preserve the form of all
fundamental physical laws.

Mathematically, we may package it as the following matrix relation:

t 1 07 0 t
i|l=|V R al|l|a]. (1.0.56)
1 0 0" 1 1

(The final row does not contain physical information; it is inserted just to make the matrix
multiplication work out properly.) We see that a Galilean transformation can be encoded with

8



(D + 2) x (D + 2) matrix, containing the constant velocity 17, the rotation and/or parity flip

a
ﬁ, and the constant spatial displacement @. Denoting

1 0F 0
H(V,R,&)E V R al,
0 0F 1
we multiply two such matrices to uncover
1 07 0 1 0% 0
0(VRua) 0 (VaBai)= |V Bea ||V R
0 07 1 0 07 1
I 1 0T 0
= | Vi+RVoa RiRy Ridy+ ay
i 0 0r 1

1 (17'1 + RyVy, Ry Ry, Ryily + 61> .

The identity transformation is
Iipyoyx(py2) =11 (6, Ipxp, 6) :
and therefore
n(v.Ra) =u(-R'V.R"-R"a).
These relations verify that {II(V, R, @)} forms a group.

Problem 1.6. Derivatives Explain why

ot ot 1 o ot
t! %w’b — ot Oxb
x(l :Ba 81‘/0’ 61:/0, .

ot Bzt It Db

Use this result or otherwise to deduce from eq. (1.0.43) the relations
at - (% - Vaﬁabax/b
and

(9951‘ - ﬁ”@w

(1.0.57)

(1.0.58)

(1.0.59)

(1.0.60)

(1.0.61)

(1.0.62)

(1.0.63)

(1.0.64)

(1.0.65)

These results are important in determining if certain partial differential equations of physics are

in fact invariant under the Galilean transformations of eq. (1.0.43). O
Problem 1.7. Covariant Acceleration If the Cartesian & are given a transformation into
Z—coordinates, i.e., Z(2) is given, show that eq. (1.0.43) then implies
oz ., 0x"
= R (1.0.66)

0zt 0zt



and

i i
0z _ 02" =
oxe  OJx'®

(1.0.67)

Next, prove that the acceleration in eq. (1.0.35) is in fact invariant under Galilean transforma-
tions. O]

Surface Waves: Toy Model Let 22 be the height of the 2D surface of some substance
made out of many point particles — say, a rubber sheet. Let there be a wave propagating along
the positive 1—direction, so that

2 = Asin(z' — vt), (1.0.68)
where A is the amplitude of the wave and v is its (constant) speed. These ¥ = (2!, 2%, 2?) are
defined with respect to the rest frame of this substance. Now, if Galilean symmetry holds (cf.

(1.0.43)), then in the inertial #—frame moving at velocity V parallel to the rubber sheet, namely
(2t 2?2%) = (@ +at + VL dP V), (1.0.69)

we have
2? = Asin(z"" +a' + (V' —0)t). (1.0.70)

In other words, the velocity of the wave in this new Z’—frame is now V! — v. We shall see the
electromagnetic waves do not transform in such a manner.

2 Local Conservation Laws

Non-relativistic You would be rightly shocked if you had stored a sealed tank of water on
your rooftop only to find its contents gradually disappearing over time — the total mass of water
ought to be a constant. Assuming a flat space geometry, if you had instead connected the tank
to two pipes, one that pumps water into the tank and the other pumping water out of it, the
rate of change of the total mass of the water

M = p(t, 7)d*Z (2.0.1)
tank

in the tank — where ¢ is time, & are Cartesian coordinates, and p(t, ¥) is the water’s mass density
—is

d -
— pd’T = — (/ +/ ) d*% - (po). (2.0.2)
dt tank cross section of ‘in’ pipe cross section of ‘out’ pipe

Note that d?3; points outwards from the tank, so at the ‘in’ pipe-tank interface, if the water
were indeed following into the pipe, —d®% - (pt)) > 0 and its contribution to the rate of increase

10



is positive. At the ‘out’ pipe-tank interface, if the water were indeed following out of the pipe,
—d?% - (p?) < 0. If we apply Gauss’ theorem,

/ pd>E = —/ BzV - (pv). (2.0.3)
tank tank

If we applied the same sort of reasoning to any infinitesimal packet of fluid, with some local
mass density p, we would find the following local conservation law

p=—0;(p-v'). (2.0.4)

This is a “local” conservation law in the sense that mass cannot simply vanish from one location
and re-appear a finite distance away, without first flowing to a neighboring location.

Relativistic We have implicitly assumed a non-relativistic system, where |0 < 1. This
is an excellent approximation for most hydrodynamics problems. Strictly speaking, however,
relativistic effects — length contraction, in particular — imply that mass density is not a Lorentz
scalar. If we define p(t,Z) to be the mass density at (¢,7) in a frame instantaneously at rest
(aka ‘co-moving’) with the fluid packet, then the mass density current that is a locally conserved
Lorentz vector is given by

Ji(t,T) = p(t, D)o (t, 7). (2.0.5)

Along its integral curve v* should be viewed as the proper velocity d(¢, Z)*/dr of the fluid packet,
where 7 is the latter’s proper time. Moreover, as long as the velocity v# is timelike, which is
certainly true for fluids, let us recall it is always possible to find a (local) Lorentz transformation
A", (t,Z) such that

(1,0)" = o'™* = A" (t, Z)v" (t, T). (2.0.6)
and the mass density-current is now
JH = pt, 2" = p(x) - . (2.0.7)

The local conservation law obeyed by this relativistically covariant current J* is now (in Carte-
sian coordinates)

0,.J" = 0; (2.0.8)

which in turn is a Lorentz invariant statement. Total mass M in a given global inertial frame
at a fixed time ¢t is

M= | &£z)° (2.0.9)

R3
To show it is a constant, we take the time derivative, and employ eq. (6.2.8):
M= [ d*%0,J° = —/ d*z0,J". (2.0.10)
R3 R3
The divergence theorem tells us that this is equal to the flux of J* at spatial infinity. But there
is no J? at spatial infinity for physically realistic — i.e., isolated — systems.

Perfect Fluids

11



3 Scalar Fields in Minkowski Spacetime

Field theory in Minkowski spacetime indicates we wish to construct partial differential equations
obeyed by fields such that they take the same form in all inertial frames — i.e., the PDEs are
Lorentz covariant. As a warm-up, we shall in this section study the case of scalar fields.

A scalar field ¢(z) is an object that transforms, under Poincaré transformations

ot = A* 2" + at (3.0.1)
as simply
p(r) = @ (a* = A" 2" +a"). (3.0.2)

To ensure that this is the case, we would like the PDE it obeys to take the same form in the
two inertial frames {z#} and {2#} related by eq. (6.0.1). The simplest example is the wave
equation with some external scalar source J(z). Let’s first write it in the x* coordinate system.

" 0,0,p0(x) = J(z), 0, = 0/0x". (3.0.3)

If putting a prime on the index denotes derivative with respect to 2’#, namely 0,, = 0/0x'",
then by the chain rule,

axg 8 o / g
= i e = O (A7,2" +a”) 0, (3.0.4)

= A%,0,. (3.0.5)

D

Therefore the wave operator indeed takes the same form in both coordinate systems:

" 00y = n“”A(’MAPV@U@p (3.0.6)
=1n770,0,.
because of Lorentz invariance
n‘“’A"MAPV =n7P. (3.0.8)

A generalization of the wave equation in eq. (6.0.3) is to add a potential V' (p):
o+ V'(p) = J, (3.0.9)
where 9% = 1**9,0, and the prime is a derivative with respect to the argument.

Problem 3.1. Yukawa potential in (3+ 1)D Let the potential in eq. (6.0.9) be that of
a mass term

Vip) = %@2. (3.0.10)

Consider a static point mass resting at ¥ = 0 in the {*} inertial frame, namely

J(Z) = Jo6® (2), Jo constant. (3.0.11)

12



Solve . Hint: You may assume the time derivatives in eq. (6.0.9) can be neglected. Then go
to Fourier k—space. You should find

Jo

=2 (3.0.12)
k2 + m?

P (k)

You should find a short-range force that, when m — 0, recovers the Coulomb/Newtonian 1/r
potential.

Next, consider an inertial frame {2/#} that is moving relative to the {z#} frame at velocity

v along the positive 23 axis. What is ¢(2’) in the new frame? O

4 Electromagnetism in Minkowski Spacetime

In this section we will discuss in some detail Minkowski spacetime electromagnetism to illustrate
both its Lorentz and gauge symmetries. It will also provide us the opportunity to introduce the
action principle, which is key formulating both classical and quantum field theories.

Maxwell & Lorentz We begin with Maxwell’s equations in the following Lorentz
covariant form, written in Cartesian coordinates {z*} so that g,, = 1,,:

O b = J7, IFap = 0, By = —Fup. (4.0.1)

The J* = pv* is the electromagnetic current. Assuming J# is timelike, v* is its d—proper
velocity with v? = v#v, = 1; and p = J'v, is the electric charge in the (local) rest frame where
v = §f. Defined this way, p is a Lorentz scalar and J* is a Lorentz vector since v* is a Lorentz
vector. It is then reasonable to suppose F),, is a rank—2 Lorentz tensor. Specifically, let two
inertial frames {z#} and {2/#} be related via the Lorentz transformation

ot = A 2, AN g1 = Nap- (4.0.2)
Then the Faraday tensor transforms as
Fug(2') = Fu, (x(2') = A-2") A A7 (4.0.3)

Its derivatives are also Lorentz covariant, for keeping in mind eq. (7.1.2),

Oy Forpr () = %&IFMV (2(2') = A-a') A* AV, (4.0.4)
— A%\0yFp (x(a')) AP A (4.0.5)

This immediately tells us 8, F* = n**9,F,sn" in eq. (7.1.1) is a Lorentz vector.

Problem 4.1. 4D Maxwell’s Equations in term of (E, B) Let us check that eq. (7.1.1)
does in fact reproduce Maxwell’s equations in terms of electric E* and magnetic B? fields in 4D.
Given a Lorentzian inertial frame, define

FP = F and Fii = ik gk, (4.0.6)

13



with €!'* = —1. Show that the §,F* = J” from eq. (7.1.1) translates to

- —

V-E=J" and VxB—8E=./J (4.0.7)

(The over-arrow refers to the spatial components; for instance B = (B, B2, B%).) The Ao Fu) =
0 from eq. (7.1.1) translates to

—

OB+VxE=0 and V- -B=0. (4.0.8)

Hint: Note that (V x A) = —e%8; A¥ | for any Cartesian vector A. Also, when you compute
O Fiy, you simply need to set {7, j,k} to be any distinct permutation of {1,2,3}. (Why?)

Next, verify the Lorentz invariant relations, with €% = —1:
Fl, " = —2 (EZ _ §2> , P =FFE, B=BB, (4.0.9)
e P, Fug = 40, (6" A,0,Ag) = 8E - B. (4.0.10)

How does F,, F* transform under time reversal, t = 2° — —t? How does it transform under

parity flips, ' — —x' (for a fixed i)? Answer the same questions for P E w, Where the dual of
E,, is

P = —gwabp o (4.0.11)

DO | —

d+# 4 Can you comment what the analog of the magnetic field ought to be in spacetime
dimensions different from 4 — is it still a ‘vector’? — and what is the lowest dimension that the
magnetic field still exists? How many components does the electric field have in 141 dimensions?

O

Current conservation Taking the divergence of 0,F* = J” yields the conservation

of the electric current as a consistency condition. For, by the antisymmetry F,, = —F,,,
0,0, F" = (1/2)0,0,F" — (1/2)0,0,F"" = 0.

o, J" = 0. (4.0.12)

Problem 4.2. Total charge is constant in all inertial frames Even though we defined

p in the J* = pv* as the charge density in the local rest frame of the electric current itself, we
may also define the charge density J° = u,J* in the rest frame of an arbitrary family of inertial
time-like observers whose worldlines’ tangent vector is u#d, = 0,. (In other words, in their
frame, the spacetime metric is ds? = (d7)? — dZ - d7.) Show that total charge is independent of
the Lorentz frame by demonstrating that

Q= [ d"%,J~, a’y, =d"%u,, D=d-1, (4.0.13)
RD

1s a constant. UJ
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Vector Potential & Gauge Symmetry The other Maxwell equation (cf eq. (7.1.1))
leads us to introduce a vector potential A,. For 0y, F,3 = 0 < dF = 0 tells us, by the Poincaré
lemma, that

F=dA &  F,=0,A,=0,A,—0,A, (4.0.14)

Notice the dynamics in eq. (7.1.1) is not altered if we add to A, any object L, that obeys
dL = 0, because that does not alter the Faraday tensor: F' = d(A+ L) = F +dL = F. Now,
dL = 0 means, again by the Poincaré lemma, that L, = 9, L, where L on the right hand side is a
scalar. Gauge symmetry, in the context of electromagnetism, is the statement that the following
replacement involving the gauge potential

A, (z) = A,(x) + 0, L(x) (4.0.15)

leaves the dynamics encoded in Maxwell’s equations (7.1.1) unchanged.
The use of the gauge potential A, makes the dF' = 0 portion of the dynamics in eq. (7.1.1)
redundant; and what remains is the vector equation

0, F™ = 9, (" A” — 0" A) = J". (4.0.16)

The symmetry under the gauge transformation of eq. (4.0.15) means that solutions to eq.
(4.0.16) cannot be unique — in particular, since A, and A, + d, L are simultaneously solutions,
there really is an infinity of solutions parametrized by the arbitrary function L. In this same
vein, by going to Fourier space, namely

— ddk 1 —ik,xh — ddk T —ikyxh
AM<I') = /Rd WAM(M@ and JM(ZL‘) = /Rd WJM(I{?)Q s (4017)

we may see that the differential operator in eq. (4.0.16) cannot be inverted because it has a zero
eigenvalue. Firstly, the Fourier version of eq. (4.0.16) reads

~K"™A, = J", (4.0.18)

K" = k. k0" — K"KV, (4.0.19)

If K~! exists, the solution in Fourier space would be (schematically) A = —K~']. However,
since K* = K"' is a real symmetric matrix, it must be diagonalizable via an orthogonal

transformation, with det K*¥ equal to the product of its eigenvalues. That det K*¥ = 0 and
therefore K~ does not exist can now be seen by observing that k, is in fact its null eigenvector:

K"k, = (ko kK — KKk, = 0. (4.0.20)

Problem 4.3. Can you explain why eq. (4.0.20) amounts to the statement that F),, is invariant
under the gauge transformation of eq. (4.0.15)7 Hint: Consider eq. (4.0.15) in Fourier space.

Lorenz gauge To make K" invertible, one fizes a gauge. A common choice is the
Lorenz gauge; in Fourier spacetime:

kA, = 0. (4.0.21)
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In ‘position’/real spacetime, this reads instead
0"A, =0 (Lorenz gauge). (4.0.22)
With the constraint in eq. (4.0.21), Maxwell’s equations in eq. (4.0.18) becomes
- (kc,koﬁv - k”(k“ﬁu)) = kKA = TV, (4.0.23)
Now, Maxwell’s equations have become invertible:

~ k
A (k) = JELI&)’ E* =k k°, (Lorenz gauge). (4.0.24)

In position/real spacetime, eq. (4.0.23) is equivalent to
D*AY (z) = J¥ () % = n"9,0,. (4.0.25)

Tn the Lorenz gauge, we have d Minkowski scalar wave equations, one for each Cartesian com-
ponent. We may express its position spacetime solution by inverting the Fourier transform in
eq. (4.0.24):

Ay(x) = /Rd—l 1 A2’ GF (v — 2') T (o), (4.0.26)
. ddkf efik-(wfz’)
Gi(r—1')= /Rd i (4.0.27)

Because A, is not gauge-invariant, its physical interpretation can be ambiguous. Classically it
is the electromagnetic fields F),, that exert forces on charges/currents, so we need its solution.
In fact, we may take the curl of eq. (4.0.25) to see that

O*F = Opdy; (4.0.28)

this means, using the same Green’s function in eq. (4.0.27):
Fou(z) = / Q' G (@ — &) T (o). (4.0.20)
Rd—l,l

We may verify that equations (4.0.26) and (4.0.27) solve eq. (4.0.25) readily:

d%k 0.0° g~ ik-(z—a")
2%+ (e o)) o
0;G (x — 1) /]Rd 2 3
_ / A% O, (—ikrége k(=)
ga (2m)4 —k?
B / A’k 0,(—ik7e @2
 Jga (2m)4 —k?

'Eq. (4.0.25) is valid in any dimension d > 3. In 2D, the dF = 0 portion of Maxwell’s equations is trivial —
i.e., any F would satisfy it — because there cannot be three distinct indices in Jj, F,5 = 0.
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B / A"k (—ik,)(—ik?)e *(@=2)
ra (

Qﬂ)d _kz
d% . :
_ / We_m(x—x) = 5Dz — 2); (4.0.30)
Rd T

with a similar calculation showing 02 G} (v — 2') = 6 (x — 2). To sum,
PG (x — ') = LG (v —2') = 6D(x — 2'); (4.0.31)

Moreover, comparing each Cartesian component of the wave equation in eq. (4.0.25) with the
one obeyed by the Green’s function in eq. (4.0.31), we may identify the source J of the Green’s
function itself to be a unit strength spacetime point source at some fixed location z’. It is often
useful to think of z as the spacetime location of some observer; so 2° — 2° =t — ¢’ is the time
elapsed while |# — 7’| is the observer-source spatial distance. Altogether, we may now view the
solution in eq. (4.0.26) as the sum of the field generated by all spacetime point sources, weighted
by the physical electric current J,(x').

We now may verify directly that eq. (4.0.26) is indeed a solution to eq. (4.0.25).

PA(z) = P ( / A2/ G (= ') ], (q:’)) _ / 45D (2 — 7). ], (&)
Rd—1,1 Rd—1,1
= J,(2). (4.0.32)

Lorenz gauge: Fxistence That we have managed to solve Maxwell’s equations using the
Lorenz gauge, likely convinces the practical physicist that the Lorenz gauge itself surely exists.
However, it is certainly possible to provide a general argument. For suppose 0"A, were not
zero, then all one has to show is that we may perform a gauge transformation (cf. (4.0.15)) that
would render the new gauge potential A} = A, — 0, L satisfy

MA, = "A, — L =0. (4.0.33)

But all that means is, we have to solve 9°L = 9" A,,; and since the Green’s function 1/9? exists,
we have proved the assertion.

Lorenz gauge and current conservation You may have noticed, by taking the divergence
of both sides of eq. (4.0.25),

O*(0°A,) = 0% J,. (4.0.34)

This teaches us the consistency of the Lorenz gauge is intimately tied to the conservation of
the electric current 9%.J, = 0. Another way to see this, is to take the time derivative of the
divergence of the vector potential, followed by subtracting and adding the spatial Laplacian of
Ag so that 924y = J, may be employed:
A, = Ay + 0" A; = 0°0p Ag + 0'0; Ag + 0'0pA; — 0°0; Ay
- 82140 - 8” (5’1140 - 6’0A1)

D0 (0°Ay) = Jy — O'Fy. (4.0.35)

Notice the right hand side of the last line is zero if the v = 0 component of 9,F* = J" is

obeyed — and if the latter is obeyed the ‘left-hand-side’ of Lorenz gauge condition 9, A* is a time
independent quantity.
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4.1 4 dimensions

4D Maxwell We now focus on the physically most relevant case of (3 + 1)D. In 4D,
the wave operator 9* has the following inverse — i.e., retarded Green’s function — that obeys
causality:

S(t—t' — |7 — &)

tr—1) = - 7 Ta—
Gy(zr—2) = i — 7| ) = (t,7), x (', "), (4.1.1)
G (x—2) =04GH(x — o)) = 6W(x — o), (4.1.2)
0 0 J 0
0, =n Dl D 0, =n S B (4.1.3)

To see that G obeys causality, that it respects the principle that cause precedes effect, one
merely needs to focus on the J-function in eq. (4.1.1). It is non-zero only when the time elapsed
t —t' is precisely equal to the observer-source distance |# —2’|. That is, if the source is located at
a spatial distance R = |#—’| away from the observer, and if the source emitted an instantaneous
flash at time ¢’, then the observer would see a signal at time R later (i.e., at t = t' + R). In
other words, the retarded Green’s function propagates signals on the forward light cone of the
source.”

Problem 4.4. Lorentz covariance Suppose A%, is a Lorentz transformation; let two
inertial frames {z*} and {z'*} be related via

h = A 2 (4.1.4)
Suppose we solved the Lorenz gauge Maxwell’s equations in the {z*#} frame, namely

DA" () 9 9

=0 W ——A,(z) = Jo(x). 4.1.5
g, P A () = () (115)
Explain how to solve A,/ (z’), the solution in the {z'*} frame. O
Problem 4.5. Analogy: Driven Simple Harmonic Oscillator Suppose we only Fourier-

transformed the spatial coordinates in the Lorenz gauge Maxwell eq. (4.0.25). Show that this
leads to

-~ -

ALt k) + K2A, (6, K) = T, k), k= |k|. (4.1.6)

*Compare this to the simple harmonic oscillator (in flat space), with Cartesian coordinate vector
¢(t), mass m, spring constant o, and driven by an external force f:

mi+oq=f, (4.1.7)

where each over-dot corresponds to a time derivative. Identify k2 and J in eq. (4.1.6) with the
appropriate quantities in eq. (4.1.7). Even though the Lorenz gauge Maxwell equations are fully

2The advanced Green’s function G (z — ') = 6(t — t' + |Z — @|)/(4n|% — ') also solves eq. (4.0.31), but
propagates signals on the past light cone: t =t — R.
3This equation actually holds in all dimensions d > 3.
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relativistic, notice the analogy with the non-relativistic driven harmonic oscillator! In particular,
when the electric current is not present (i.e., J, = 0), the ‘mixed-space’ equations of (4.1.6) are
in fact a collection of free simple harmonic oscillators.

Now, how does one solve eq. (4.1.7)7 Explain why the inverse of (d/dt)* + k? is

dw e iw(t—t")
Gsuo(t —t' k) = / T (4.1.8)
That is, verify that this equation satisfies
d? d?
<@ + k2) Gsno(t —t', k) = <@ + kQ) Gsuo(t —t' k) = 5(t — ). (4.1.9)

If one tries to integrate w over the real line in eq. (4.1.8), one runs into trouble — explain the
issue. In other words, eq. (4.1.8) is actually ambiguous as it stands.

Now evaluate the Green’s function Gy in eq. (4.1.8) using the contour running just slightly
above the real line, i.e., w € (—o0o0 + 0", 400 4+ i0"). You should find

sin (k(t — #))

Ghiolt—t, k) =0t —1) . (4.1.10)
Here, © is the step function
O(z) =1, if x > 0, (4.1.11)
=0, if © <0. (4.1.12)
Hence, the mixed-space Maxwell’s equations have the solution
t
ALt F) = / A Gt — ¢, k)T (. R). (4.1.13)
By performing an inverse-Fourier transform, namely
A (x) = /R3 1 A''G (x — o) J . (2), (4.1.14)
arrive at the expression in eq. (4.1.1) O
Vacuum solution & Massless Spin-1 (Helicity-1) Let us examine the simplest

situation in 4D flat spacetime, where there are no electric charges nor currents present: J, = 0.
In Fourier space, setting J = 0 in eq. (4.1.6) leads us to

A1 F) + B2, (1K) =0, k= |k (4.1.15)

These are the free simple harmonic oscillators alluded to earlier. The solutions are g#(t, /;) =
exp(tikt) for k = |k| > 0. Hence, the general solution is the superposition

he [
/d

rs (2m)3 (

ol

d3

( <au(l_5) exp(—ikt + ik - T) + b, () exp(ikt + ik - :E))

??‘l\_/

a, () exp(—ikt + ik - ) + b, (—k) exp(ikt — ik - f)) . (4.1.16)
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Referring to eq. (4.0.25), since .J,, is real, so is A,. Thus it must be that a,(k)* = b,(—Fk):

_ /Rg % <au(lz)€—ik.m i aM(E)*eik-x> _ (4.1.17)

Since a,, has been arbitrary thus far, we may write a single plane wave solution to eq. (4.1.6) as
Re {Z“(t, E)e“;'f} = Re {EM(E)e_ik'teiE'f} = Re {eu(l;)e_ik'x} :
k= (k, k), k= |k = /0%koky (4.1.18)

The Lorenz gauge says k:“g“ = 0. Since the exp(—ik,z") are basis functions, it must be that
the polarization vector ¢, itself is orthogonal to the momentum vector k*:

ke, (k) = 0. (4.1.19)
Let us suppose k; points in the positive 3—axis, so that
k, = k(1,0,0,-1) and k' =k(1,0,0,1). (4.1.20)
This means the plane wave itself becomes
exp(—ik,x") = exp(—ik(t — 2*)); (4.1.21)

i.e., it indeed describes propagation in the positive 3—direction. The polarization vector may
then be decomposed as follows:

€p =kl + R AT fae, +ae (4.1.22)
where the x and a’s are (scalar) complex amplitudes; the null basis vectors (* are
1
o =—(1,0,0,+1)"; 4.1.23
=5 ( ) ( )
wheres the spatial basis vectors e* are
1
+ _ - T
e, =—(0,F1,2,0)" . 4.1.24
P \/5( F1,4,0) ( )
Now, under the following rotation on the (1,2)-plane orthogonal to E, namely
1 0 0 0
= 0 cos(f) —sin(f) 0
mo
ROy, 0 sin(#) cos(f) 0 |’ (4.1.25)
0 0 0 1

the null polarization vectors in eq. (4.1.23) remain unchanged (E(Q)“Vﬁi” = (*#) — they are the
spin-0 modes — while the spatial polarizations in eq. (4.1.24) transform as
et R(O)F, = e {EN0E (4.1.26)

m v v

These €=, are the helicity-1 modes.
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Problem 4.6. Verify eq. (4.1.26).
We now turn to imposing the Lorenz gauge condition k:“ﬁu = 0.
keg + kes =0 = €3 = —€p. (4.1.27)

Since the Oth component has to be negative the 3rd, the £t cannot occur in the decomposition
of eq. (4.1.22). But since £~ is proportional to k, (cf. eq. (4.1.23)) and k* = k,k” = 0, we see
this remaining spin-0 piece of the polarization tensor simultaneously satisfies the Lorenz gauge
and is a gradient term — and hence ‘pure gauge’ (cf. the 0,L terms of eq. (4.0.15)) — in position
spacetime:

_ Kk
B \/5 k-
Since this term will not contribute to the electromagnetic fields F},,, we may perform a Lorenz-
gauge-preserving gauge transformation to cancel this term:

KR_

(4.1.28)

~ o o _k,
Re A (t, k)e™ = Re {eﬂ(k)e_”k'm - %f@‘”‘m} : (4.1.29)
And now that we have canceled the Oth and 3rd component of the polarization vector in eq.
(4.1.22),

Re A (t, l;)e”;':E =Re{(aye", +a_e ) e "l (4.1.30)
General Case When k; is not necessarily (anti)parallel to the 3—axis, we may continue to
define £~ to be the normalized version of k,, i.e.,
_ k,

= , k = k. 4.1.31
T2k 0 ( )

The ¢*, on the other hand, is the solution to the constraints
+ - = v+ p—
e =ge e, =41, (4.1.32)
eV gt =@ g+ = (4.1.33)

where the ) and € are themselves mutually orthogonal spatial basis vectors perpendicular to
¢t — namely

e . e = g1 I,Je{1,2} (4.1.34)
eV .= =e? . =0. (4.1.35)

The spin—1 basis vectors can be constructed from the ¢ via the definitions

, |
=y Lo (4.1.36)

V2 V2

Altogether, the Minkowski metric would obey the following completeness relation
I A (4.1.37)

_ o+ - + -
=0T 0 e e, (4.1.38)
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(34+1)D Spin-1 Waves To sum, given an inertial frame, the electromagnetic
vector potential A, in vacuum is given by the following superposition of spin-1 waves:

A,(z) =Re /RS % <a+€+u(/2) + a_e_u(lg)> e ke, (4.1.39)

where - u

a rotation by an angle 6 around the plane perpendicular to k; transforms as €
exp(—i(£1)0)et.?

are purely spatial polarization tensors orthogonal to the k;; and, under
+
%

Problem 4.7. Circularly Polarized Light from 4D Spin-1 Consider a single spin-1
plane wave (cf. (4.1.24)) propagating along the 3—axis, with k, = k(1,0,0, —1):

Ai(t, x,y,z) = Re {aj[ei ’ik(t*z)} , ar € R. (4.1.40)

1€

Compute the electric field +E* = F and show that these plane waves give rise to circularly
polarized light, i.e., for either a fixed time ¢ or spatial location z — the electric field direction
rotates in a circular fashion:

kay

V2

where  and ¥ are the unit vectors in the 1— and 2—directions:

LB = (£sin(k(t — 2))Z" + cos(k(t — 2))7') (4.1.41)

7'=(1,0,0) and 7'=(0,1,0). (4.1.42)
O]

Redshift For each Lorenz-gauge plane wave in an inertial frame {z* = (¢, %)},
eiu(k) exp(—ik - z) = eiu(k‘) exp(—ik;z?) exp(—iwt), w = |k, (4.1.43)

we may read off its frequency w as the coefficient of the time coordinate t. Quantum mechanics
tells us w is also the energy of the associated photon. Suppose a different Lorentz inertial frame
{2’} is related to the previous through the Lorentz transformation A®,: 2 = A% 2. Because
the phase in the plane wave solution of eq. (4.1.43) is a scalar, in the {2’} Lorentz frame

—ikqx® = —iko A% 2" = —i(ko A%t — i(kaA%)x" (4.1.44)

The frequency w’ and hence the photon’s energy in this {2’} frame is therefore

w’::kaAQO::a;<APO%—Eﬂ\%) (4.1.45)
ki = ki) k| = k;Jw. (4.1.46)

4For a given inertial frame and within the Lorenz gauge, we have been able to get rid of the ‘pure gauge’
spin-0 mode by a gauge transformation, leaving only the massless spin-1 (simple-harmonic) waves. Note however,
these waves in eq. (4.1.39) would no longer be an admixture of pure spin-1 modes — simply by viewing them in
a different reference frame, i.e., upon a Lorentz boost.
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There is a slightly different way to express this redshift result that would help us generalize
the analysis to curved spacetime, at least in the high frequency ‘JWKB’ limit. To extract the
frequency directly from the phase S = k- x, we may take its time derivative using the unit norm
vector u = 0y = 0y that we may associate with the worldlines of observers at rest in the {z}
frame:

u'0,S = 0y(kor®) = w. (4.1.47)

The observers at rest in the {2} frame have v’ = 0y = Jy as their timelike unit norm tangent
vector. (Note: 2% = A% 2" & 0,y = A®,0,.) The energy of the photon is then
u’aﬁa/S = 6@5 = A"Oﬁa(k : .23)
= A% ke = w (AOO + EiAi()) . (4.1.48)
Problem 4.8. Consider a single photon with wave vector k, = w(1,7;) (where n;n;0Y = 1) in
some inertial frame {x*}. Let a family of inertial observers be moving with constant velocity
v* = (1,v") with respect to the frame {z*}. What is the photon’s frequency ' in their frame?

Compute the redshift formula for w’/w. Comment on the redshift result when v" is (anti)parallel
to n; and when v* is perpendicular to n;.

Problem 4.9. Dispersion relations Consider the massive Klein-Gordon equation in
Minkowski spacetime:

(0% +m?) p(t, %) = 0, (4.1.49)

where ¢ is a real scalar field. Find the general solution for ¢ in terms of plane waves exp(—ik - z)
and obtain the dispersion relation:

K =m? & E* =p* +m?, (4.1.50)
E =k, =k (4.1.51)

If each plane wave is associated with a particle of d—momentum £, this states that it has mass
m. The photon, which obeys k* = 0, has zero mass.
Bonus: Can you restore the factors of A and ¢ in eq. (6.5.24)7 [

4.2 Gauge Invariant Variables for Vector Potential

Although the vector potential A, itself is not a gauge invariant object, we will now exploit the
spatial translation symmetry of Minkowski spacetime to seek a gauge-invariant set of partial
differential equations involving a “scalar-vector” decomposition of A,. There are at least two
reasons for doing so.

e This will be a warm-up to an analogous analysis for gravitation linearized about a Minkowski
“background” spacetime.
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e We will witness how, for a given inertial frame, the only portion of the vector potential
A, that obeys a wave equation is its gauge-invariant “transverse” spatial portion. (Even
though every component of A, in the Lorenz gauge (cf. eq. (4.0.25)) obeys the wave
equation, remember such a statement is not gauge-invariant.) We shall also identify a
gauge-invariant scalar potential sourced by charge density.

Scalar-Vector Decomposition The scalar-vector decomposition is the statement that the
spatial components of the vector potential may be expressed as a gradient of a scalar «a plus a
transverse vector «;:

where by “transverse” we mean
O;c; = 0. (4.2.2)

To demonstrate the generality of eq. (4.2.1) we shall first write A; in Fourier space

Ai(t, 7) / 47k Ayt k)e®® (4.2.3)

i\l, T) = S aplill,R)e 2.
rp (27)P

where k - & = 6;;kiz) = —k;z7. Every spatial derivative d; acting on A;(t, Z) becomes in Fourier

space a —tk;, since

d"k : ik-@
= - 5 (—ik;) Ai(t, k)e™™. (4.2.4)

As such, the transverse property of a;(t, ) would in Fourier space become

—ik;ai(t, k) = 0. (4.2.5)
At this point we simply write down
~ - kik;\ ~ - kikj~ , -

This is mere tautology, of course. However, we may now check that the first term on the left
hand side of eq. (4.2.6) is transverse:

, kiki\ ~ - Kk \ -
—ik; (515 - E_QJ) Aj(t, k) = —i (k‘j - E—2j> Aj(t, k) = 0. (4.2.7)
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The second term on the right hand side of eq. (4.2.6) is a gradient because it is
g
ik, (Q—JAJ) . (4.2.8)
2
To sum, we have identified the o and «a; terms of eq. (4.2.1) as

= d"k ki 7 o ik
a(t,:z:) = /D W?Aj(t,k)e 3 (429)

and the transverse portion as

RD (27T
- kik,

Notice it is really the projector P;; that is “transverse”; i.e.
ki Py(K) = 0. (4.2.11)

Let us also note that this scalar-vector decomposition is unique, in that — if we have the Fourier-
space equation

—ika + q; = —ikiB + S, (4.2.12)

where k;o; = klgl =0, then

a=p and & =0 (4.2.13)

For, we may first “dot” both sides of eq. (4.2.12) with k and see that — for k # 0,

Pa=k8 o a=4 (4.2.14)

Plugging this result back into eq. (4.2.12), we also conclude a; = 52

Now, this scalar-vector decomposition is really just a mathematical fact, and may even be
performed in a curved space — as long as the latter is infinite — since it depends on the existence
of the Fourier transform and not on the metric structure. (A finite space would call for a discrete
Fourier-like series of sorts.) However, to determine its usefulness, we would need to insert it into
the partial differential equations obeyed by A;, where the metric structure does matter. As
we now turn to examine, because of the spatial translation symmetry of Minkowski spacetime,
Maxwell’s equations themselves admit a scalar-vector decomposition. This, in turn, would lead
to PDEs for the gauge-invariant portions of A,,.

Gauge transformations We first examine how the gauge transformation of eq. (4.0.15)
is implemented on a scalar-vector decomposed A,,.

Ay — Ao+ L (4.2.15)
Az‘ :(9@-04—1—042- —>8104—|—04z+(91L
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From the uniqueness discussion above, we may thus identify the gauge-transformed “scalar”
portion of A;

a—ad =a+L (4.2.17)
and the “transverse-vector” portion of A; to be gauge-invariant:
S (1218)
Let us now identify
d=Ag— o (4.2.19)
because it is gauge-invariant; for, according to equations (4.2.15) and (4.2.17)
d— Ao+ L —0y(a+ L) = Ay — . (4.2.20)

In terms of ® and «;, the components of the gauge-invariant electromagnetic tensor read

Foi = Ay — 0;A0 = & + 0, — 0;Ag (4.2.21)

=a; — 0;® (4.2.22)

Fij = 03y = Oy, (4.2.23)

Electric current We also need to perform a scalar-vector decomposition of the electric
current

Ju = (pr, 0T + Ti) - (4.2.24)

Its conservation 8“Ju = 0 now reads

pE — 0; (0;T +TJ;) =0 (4.2.25)
pr = V2. (4.2.26)
Maxwell’s Equations At this point, we are ready to write down Maxwell’s equations

o"F,, = J,. From eq. (4.2.22), the v = 0 component is

The v = i component of 0"F),, = J,, according to eq. (4.2.22) and (4.2.23),

OoFoi — 0;Fy; = 0,.T + T; (4.2.28)
a; — 0 — 0; (0,0 — Opay) = 0, T + T (4.2.29)

As already advertised, we see that the spatial components of Maxwell’s equations does ad-
mit a scalar-vector decomposition. By the uniqueness argument above, we may read off the
“transverse-vector” portion to be

O*a; = J;. (4.2.31)
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and the “scalar” portion to be
—d=7. (4.2.32)

We have gotten 3 (groups of) equations — (4.2.27), (4.2.31), (4.2.32) — for 2 sets of variables
(®, a;). Let us argue that eq. (4.2.32) is actually redundant. Taking into account eq. (4.2.26),
we may take a time derivative of both sides of eq. (4.2.27),

—V2 = py = V2. (4.2.33)

For the physically realistic case of isolated electric currents, where we may assume implies both
® — 0 and J — 0 as the observer-J; distance goes to infinity, the solution to this above Poisson
equation is then unique. This hands us eq. (4.2.32).

Gauge-Invariant Formalism To sum: for physically realistic situations
in Minkowski spacetime, if we perform a scalar-vector decomposition of the photon
vector potential A, through eq. (4.2.1) and that of the current .J, through eq.
(4.2.24), we find a gauge-invariant Poisson equation

V2P = pg, = Ay — (4.2.34)
as well as a gauge-invariant wave equation
Pa; = T (4.2.35)

These illuminate the theoretical structure of electromagnetism. As you may recall, our explicit
discussions in 4D leading up to the spin-1 modes of eq. (4.1.39) led us to conclude that the non-
trivial homogeneous wave solutions of Maxwell’s equations are in fact of the “transverse-vector”
type. The gauge-invariant formalism for this section thus allows us to identify the source of
these spin-1 waves — they are the “transverse-vector” portion of the spatial electric current.

Remark: (1+1)D The one constraint 0;c;; = 0 obeyed by the spin-1 photon «; means
it has really D — 1 = d — 2 independent components, since in Fourier space k;a; = 0 implies
(for k # 0) the {a;} are lincarly dependent. In particular, in (14 1)D kia; = 0 and as long as
k1 # 0, the spin-1 photon itself is trivial: a; = 0.
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5 Action Principles & Classical Field Theory

In §(7.1), we elucidated the Lorentz and gauge symmetries enjoyed by Maxwell’s equations.
There is in fact an efficient means to define a theory such that it would enjoy the symmetries
one desires. This is the action principle. You may encountered it in (non-relativistic) Classical
Mechanics, where Newton’s second law emerges from demanding the integral

Szi/an, (5.0.1)
E%mﬂw%_vgan (5.0.2)

Here, L is called the Lagrangian, and in this context is the difference between the particle’s
kinetic and potential energy. The action of a field theory also plays a central role in its quantum
theory when phrased in the path integral formulation; roughly speaking, exp(iS) is related to the
infinitesimal quantum transition amplitude. For these reasons, we shall study the classical field
theories — leading up to General Relativity itself — through the principle of stationary action.

General covariance In field theory one defines an object similar to the one in eq.
(6.1.1), except the integrand £ is now a Lagrangian density (per unit spacetime volume). To
obtain generally covariant equations, we now demand that the Lagrangian density is, possi-
bly up to a total divergence, a scalar under coordinate transformations and other symmetry
transformations relevant to the problem at hand.

S = /tf d?z+/|g|L (5.0.3)

t;

One then demands that the action is extremized under the boundary conditions that the field
configurations at some initial ¢ and final time ¢; are fixed. If the spatial boundaries of the
spacetime are a finite distance away, one would also have to impose appropriate boundary
conditions there; otherwise, if space is infinite, the fields are usually assumed to fall off to zero
sufficiently quickly at spatial infinity — below, we will assume the latter for technical simplicity.
(In particle mechanics, the action principle also assumes the initial and final positions of the
particle are specified.) In curved spacetime, note that the time coordinate z° need not correspond
to same variable defining the initial ¢; and final ¢; times; the latter are really shorthand for any
appropriately defined spacelike ‘constant-time’ hyper-surfaces.

5.1 Scalar Fields

Let us begin with a scalar field ¢. For concreteness, we shall form its Lagrangian density
L(p, Vap) out of ¢ and its first covariant derivatives V,p. Demanding the resulting action be
extremized means its first order variation need to vanish. That is, we shall replace ¢ — ¢ + dp
(which also means V,p — Vo9 + V,d¢) and demand that the portion of the action linear in
dp be zero.

b oL oL
0,5 = / dz+/g| (—&p + —Va&p)
t

i I(Vap)
oL ke b oL oL
S U [ PN (N B
U oV ?), T, VIl G, T VesmLg) (511

28



Because the initial and final field configurations ¢(t;) and ¢(;) are assumed fixed, their respective
variations are zero by definition: d¢(ti) = dp(tr) = 0. This sets to zero the first term on the
second equality. At this point, the requirement that the action be stationary means 6,5 be zero
for any small but arbitrary dp, which in turn implies the coefficient of dp must be zero. That
leaves us with the Euler-Lagrangian equations

oL oL

55 = va—a(vﬂ))_ (5.1.2)

We may now consider a coordinate transformation z(z’). Assuming £ is a coordinate scalar,
this means the only ingredient that is not a scalar is the derivative with respect to V,¢. Since

aajfz Vap(a) = Vyp(r') = Ve (2(2), (5.1.3)

we have

oL O(Ve(x')) oL Oz oL

I(Vap(@))  OVap(@) O(Vup(a)) — 92 d(Vup(a)))

That is, 0L/0(Vap(z)) transforms as a rank-1 vector; and V,{0L/9(V,p(x))} is its divergence,
i.e., a scalar. Altogether, we have thus demonstrated that the Euler-Lagrange equations in eq.
(6.1.5), for a scalar field ¢, is itself a scalar. This is a direct consequence of the fact that £ is a
coordinate scalar by construction. A common example of such a scalar action is

(5.1.4)

Slyl = /ddw 9] (%g‘“’vus@%w - V(s@)) : (5.1.5)

where V' is its scalar potential.

Internal Global Oy Symmetry To provide an example of a symmetry other than
the invariance under coordinate transformations, let us consider the following action involving
N > 1 scalar fields {©![I =1,2,3,..., N}:

S = /ddx\/gﬁ (9" V'V ' oh) . (5.1.6)

With summation covention in force, we see that the sum over the scalar field label ‘I’ is simply
a dot product in ‘field space’. This in turn leads us to observe that the action is invariant under
a global rotation:

o' = RLy?, (5.1.7)

where RY, R';0; = dap. (By ‘global’ rotation, we mean the rotation matrices {R%;} do not
depend on spacetime.) Explicitly,

/ddx\/E£ (QMVV#QOIVVQOI, (,OIQOI) _ /ddx\/mE (g‘wv#gﬁllvy@d, QO,I /I) ' (518)

Let us now witness, because we have constructed a Lagrangian density that is invariant under
such an internal Oy symmetry, the resulting equations of motion transform covariantly under
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rotations. Firstly, the I-th Euler-Lagrange equation, gotten by varying eq. (6.1.9) with respect
to ¢!, reads

oL oL
iad v o 5.1.9
! I(Vaeh) ( )
Under rotation, eq. (6.1.10) is equivalent to
<\
(R—ﬂ o=y (5.1.10)
which in turn tells us
N\
@?4>IVMJ::VQ¢J (5.1.11)
Therefore eq. (6.1.12) becomes
1J 1J
0" oL _ OAVIN ) oL | (51.12)
Dol 0" OVt " O0(Vay?)
~ ' 0L ~ 1\’ oL
- =(R! —. 1.1
<R ) 1 D' (R ) Ivaa(vagﬂ) (5.1.13)

The PDEs for our Op-invariant scalar field theory transforms covariantly as a vector under
global rotation of the fields {¢'}.

5.2 Maxwell’s Electromagnetism

We have seen how Maxwell’s equations are both gauge-invariant and Lorentz invariant. (In fact,
the former meant we had to gauge fix the equations before we could solve them.) In curved
spacetime, the gauge-invariant electromagnetic tensor

Fu = 0,A, —0,A, =V, A, — V,A, (5.2.1)

does not actually contain any metric because the Christoffel symbols cancel out. We may form
a coordinate scalar as follows:
1
'CMaxwell = _ZFMVFMV- (522)

We now claim that, given an externally prescribed electric current J#, Maxwell’s equations arise
from the following action:

tg
SMaxwell = / ddx |g| (’CMaxwell - ANJM) . (523)
t

The A, J* term, under gauge transformation A, - A, + 0,L, is altered as

Ay JP = A JP 4+ Y, L - JP
= A J" + V(L JP) — LV, J" (5.2.4)
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If we require that L(t;) = L(tf) = 0, then we see that such a gauge transformation changes the
Maxwell action in eq. (5.2.3) as

te

te
SMaxwell — SMaxwell - |:/ ddilZM(L : JM):| + / ddflj\/ \g\LVMJ“ (525)
t

ti i

153
— SMaxwell +/ A%/ lg| LV, JH. (5.2.6)

ti

We have already witnessed in §(7.1) how gauge-invariance is intimately tied to current conserva-
tion: here we see that the Maxwell action would not be invariant under gauge transformations
unless J# is conserved.

Let us now proceed to vary the Maxwell action, and see how Maxwell’s equations emerge.
Consider

A, — A, + 54, (5.2.7)

and read off the first order in 6 A, terms in the resulting action:

b 1 1
5 A SMaxwell = / dz+/g| (—ZamaAy]FW—ZFW&@AV]—5AHJM)
ti
te 1
= / dz+/|g| (—§VH6AVF[“”]—5AHJ“)
ti

te te
= {— / dd_lEuéAyFW} + / d%z+/|g|6 A, (V, F* — J"). (5.2.8)
ti t;

Let us notice not all the components of the vector potential A, need to be fixed at ¢; and ¢ for the
first term of the last equality to vanish. As a simple example, suppose we focus on the Minkowski
case and let ¢; and ¢ correspond to constant x’-surfaces, then we have f Aty pWOA FHY =
Jpa—s 971 E6 A FO because, by the antisymmetry of F#7, F = 0. In any case, once the boundary

field configurations are fixed, 6 A;(t;) = 0 A;(t¢) = 0, we have to demand the remaining coefficient
of A, be zero.

V. F* = JY (5.2.9)

This is Maxwell’s equations in curved spacetime. Here, we are using A, as our fundamental field
variable; but if we were instead working with F),,, we need to impose £}, = —F,, and dF' = 0:
ViaFuw) = 0o Fu) = 0. (5.2.10)

Of course, by the Poincaré lemma, this does imply F' = dA, i.e., F,, = 0,4, — 0, A,.
Problem 5.1. Conservation of electric current Explain why
V.V, F'" =0 (5.2.11)

is an identity. Therefore, by taking the divergence on both sides of eq. (5.2.9), we see that
Maxwell’s equations in curved spacetime continue to require the conservation of its electric
current. H
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Electromagnetism of point charges As a non-trivial application of the action prin-
ciple for electromagnetism, we will now demonstrate why the following action describes the
electromagnetism of N point electric charges.

I /
S = _Z/ ddl’ ]g!FWFW (ma/ d)\ guyzaz + qa/ za d:L‘ ) (5.2.12)
ti t

where m, and ¢, are respectively the mass and electric charge of the ath point particle; and
2 = dzt /dN,. In particular, this action leads to Maxwell’s equations sourced by point charges

V= g7 (5.2.13)

where the electric current here is

an/ dz o 4( — =), (5.2.14)

g(7)g(z)
as well as the covariant Lorentz force law

D?zH dz¥
Pl NP e 5.2.15
m dr? g Ydr, ( )

where 7, is the proper time of the ath point charge and covariant acceleration on the left-hand-
side is

D2z dPzp dz2 dzf?

= r“ —2—a 5.2.16
dr? dr? B dr, dr, ( )
Gauge symmetry Let us observe S in eq. (5.2.12) is gauge invariant. We already know the

F,, F"* is gauge invariant, so we only need to check the A,dz" term. Upon the replacement
A, da* — A,dz* + 0, Ldx* = A, dz* 4 dL, and as long as L is chosen to vanish at the initial ¢;
and final ¢; times of the trajectories

Z/ (20)da ﬁz(/ (20)da” +/dL<za>)

-3 (/ (20)da* + L{ts, Z,(t)) — L(ti,Za(ti)))
= Z/Au(za)dx“. (5.2.17)

Variational calculation We demand the action be stationary under the variation of the
gauge field as well as the individual trajectories {z#}. By re-writing the A,dz* terms as

w_ e ay . . dz# 6@ (2 — z,)
I R R VI IENE) Sy RIS e e SRR
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the o-functions tell us we are dealing with point charges. If we compare this expression against
the A,J" term in eq. (5.2.3) — namely, by reading off the coefficient of A, — this allows us to
identify the electric current in eq. (5.2.14). We have thus arrived at eq. (5.2.13).

Next, we vary the action with respect to the ath trajectory z,, namely

2E = 2+ 02l (5.2.19)
assuming dz,(t;) = 02,(tf) = 0. The terms linear in the small perturbation §z# are

5,8 = tdeéza %— tfd 02200, A535 + AgdsP
Za - a09%q 9apMa d-2 qa \ Ta( Zq Oal1pZ, + B Za)
ti a i
te D2 B
- / 7,020 { Gos - ma?? — G (0 Ag — D3A,) 2P }
t a

i

te DQZB ]

= / dTaé,Zggaﬂ {ma?; - an/B,ng} . (5220)
ti a

We have thus recovered eq. (5.2.15). Note that, in the first equality above, we have changed

variables from \, to proper time 7, after variation.

Problem 5.2. Lorentz force law in 4D flat spacetime Express the 4D Minkowski
spacetime version of the Lorentz force law in eq. (5.2.15) in terms of electric EF* = F™ and
magnetic fields F¥ = "k B* (The €"* is the Levi-Civita tensor in flat Minkowski spacetime,
with €123 = 1.) Express your time derivatives with respect to coordinate time. You should find
the zeroth component of eq. (5.2.15) to be redundant; to arrive at this conclusion more rapidly

you may want to start with the action in eq. (5.2.12) but written in coordinate time t:

N te te
Sy =— Z (ma/t dty/nu 26 2L + qa/t Au(za),éfjdt) : (5.2.21)
a=1 i i

where 2/ = dz#/dt. O
Problem 5.3. Lorenz gauge Let us impose the Lorenz gauge condition in curved space-
time,

V#A, =0. (5.2.22)

Show that Maxwell’s equation in eq. (5.2.9) then reads
OA, — R,°A, = J,, d=g¢"v,V, =V,V~ (5.2.23)
Hint: You may need to ‘commute’ the covariant derivatives in the term V*V,A,,. [

Problem 5.4. Weyl invariance in (3+1)D Consider replacing the metric g, by multi-
plying it with an overall scalar function Q(z)?, i.e.,

G () = Q(x)QgW(x). (5.2.24)
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Show that the Maxwell action in eq. (5.2.3) is invariant in 4 spacetime dimensions if we simul-
taneously make the replacement in eq. (5.2.24) and

JH(x) = Qz)P JH(x) (5.2.25)

for an appropriate p — what is p? — as well as
A (x) = Ay(x). (5.2.26)
O

Problem 5.5. Null Geodesics & Weyl Transformations Suppose two geometries g,
and g, are related via a Weyl transformation

G (@) = Q)G (). (5.2.27)
Consider the null geodesic equation in the geometry g, (),
KoV k" =0, Guwk™E" =0 (5.2.28)

where V is the covariant derivative with respect to g,,; as well as the null geodesic equation in
G (),

k°V k" =0, Guk'k = 0; (5.2.29)
where V is the covariant derivative with respect to G- Show that
k= Q2 K (5.2.30)

Hint: First show that the Christoffel symbol Fuaﬁ [g] built solely out of g, is related to I'"_;[g]
built out of g,, through the relation

T slg) = T 500] + 65 Vay nQ — o V' In €2, (5.2.31)

Remember to use the constraint g, k"k" =0 = g, k"k".
A spacetime is said to be conformally flat if it takes the form

() = Q(x)QnW. (5.2.32)
Solve the null geodesic equation explicitly in such a spacetime. O
Problem 5.6. Non-Minimal Electromagnetic-Gravitational Interactions in 4D Con-

sider adding the following action to the Maxwell one of eq. (5.2.3):

te
SEM—GraVityI = / d4{L‘\/ |g|0671RMVOCBFMVFa5. (5233)
ti

By ensuring the dimension of the Maxwell action in eq. (5.2.3) is the same as that of SgyGravity 1,
determine the dimension of Cq ;. That is, [Cs1] = Mass” — what is p? Write down as many such
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actions as you can with coefficients that share the same mass dimension. (Hint: Evaluate the
\/H and Lagrangian density in a Fermi Normal Coordinate System.)

Note that quantum corrections to electromagnetism in 4D curved spacetimes does in fact
generate such terms — and infinitely many more! — in addition to the Maxwell action of eq.
(5.2.3). For low energy processes, photons interact with gravity in increasingly complicated ways
through the exchange of virtual electron-positrons propagating in spacetime, and the coefficient
Cs,1 and its analogs would scale as some power of 1/m., where m, is the electron mass. To
see such interactions are indeed quantum in nature, put back the factors of h; i.e., write down

SEM—GravityI as
te
SEM—GravityI = / d4[E V |g|0é71hqm£Ruya/8EwFaﬁa (5234)
t;

with the appropriate powers of ¢ and p and some dimensionless Cf ;. Finally, by comparing the
length scales involved, i.e., F,, F* versus CsR*"*PF,,F,5, describe qualitatively the relative
importance of such quantum effects encoded with this Cs; term and its cousins. ]

Problem 5.7. Hodge dual formulation of Maxwell’s equations Define the dual of
the Faraday tensor as

ﬁ.u'l---,ud—Q =

gul.--ud_zaﬁpaﬁ_ (5.2.35)

N | —

Verify the Hodge dual formulation of Maxwell’s equations (5.2.9) and (5.2.10):

X @ty B =T, (5.2.36)

V, FoHsHa1 — (); (5.2.37)

and work out the numerical constant y. ]
Problem 5.8. Second order form of Maxwell’s Equations By taking the divergence

of the Bianchi portion of Maxwell’s equations, dF = 0, followed by using the geometric Bianchi
identity R, a5 = 0, show that

OF s + RuasF" + Ry Fpp = —VuV° Fa, 0=V,V°. (5.2.38)

Next, use the other Maxwell’s equation, divF = J, to obtain the second order form of Maxwell’s
equations:

OFus + RuasF™ + Ry Fay = ViaJa. (5.2.39)

This indicates electromagnetic fields F),, obey a wave equation in curved spacetimes. ]

5.3 JWKB Approximation and Gravitational Redshift

In this section we will apply the JWKB (more commonly dubbed WKB) approximation to
study the vacuum (i.e., J, = 0 limit of) Maxwell’s equations in eq. (5.2.23). At leading orders
in perturbation theory, we will argue — in the limit where the wavelength of the photons are much
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shorter than that of the background geometric curvature — that photons propagate on the light
cone and their polarization tensors are largely parallel transported along their null geodesics.
We will also see that the photon’s phase S would allow us to define its frequency as the number
density of constant-S surfaces piercing the timelike worldline of the observer. This also leads us
to recognize that, not only is k#* = VS null it obeys the geodesic equation £V k* = 0.

Eikonal/Geometric Optics/JWKB Ansatz We will begin by postulating that the
vector potential can be modeled as the (real part of) a slowly varying amplitude a,, multiplied
by a rapidly oscillating phase exp(iS):

A, =Re{a,exp(iS/e)} . (5.3.1)

°The {a,} can be complex but S is real. We shall also allow the amplitude itself to be a power
series in e:

a, = Zeégau. (5.3.2)

=0

The 0 < € < 1 is a fictitious parameter that reminds us of the hierarchy of length scales in
the problem — specifically, € should be viewed as the ratio between the short wavelength of the
photon to the long wavelength of the background geometric curvature. To this end, we shall
re-write the vacuum version of the Lorenz-gauge Maxwell’s equation (5.2.23) with €2 multiplying
the wave operator [

OA, — 2R °A, = 0. 5.3.3
1 1

In a locally freely-falling frame (i.e., flat coordinate system), this equation takes the schematic
form

O*A - €(0*g)A = 0. (5.3.4)

The first term from the left goes as A/(wavelength of A)? while the second as A/(wavelength of ¢)?,
and as thus already advertised €2 is a power counting parameter reminding us of the relative
strength of the two terms.

Wave Equation Plugging the ansatz of eq. (5.3.1) into eq. (5.3.3):

0= (Da, — €R,a,)e  + 2vaaﬂzvas e 1+ a,V, (i(V7S/e)e™/F)
= (Qa, — €R,7a,)e™  + QVU%E(V”S) e+ q, (i(@S/€)e™c + (iV S/e)*e™/€) . (5.3.5)
Employing the power series of eq. (5.3.2),

0= Doau+eﬂlau+e2|j2a#+...
-R/J7 (620%—}—631@04—...)
+ 2ie YV oa, - V) + 2ie’(V 1a,, - VS) + 2ie(V aa, - VS) + ...

5Recall that this ansatz becomes an exact solution in Minkowski spacetime, where S = +k, 2" and both &,
and a, are constant.
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+ Z-Gil oauDS —+ iEO 1(1#‘:‘5 + 1€ ga#DS —+ ...

— (VS (e %0au + € Mra, + € 2a, +e3a, + ... ). (5.3.6)
Negative Two Setting the coefficient of €72 to zero
k, k' =0, k,=V,5S. (5.3.7)

Because S is a scalar, V,k, =V, V,S =V, V,S =V, k, and hence
0=V, (k%) = 2k"V k, = 2k"V ,k,. (5.3.8)

That is, the gradient of the phase S sweeps out null geodesics in spacetime:

(k- V)Et =0. (5.3.9)

Negative One Setting the coefficient of €' to zero:
0= oa,08 +2V7SV, oa,, (5.3.10)
0 = a5 +2V7SV,a,, (5.3.11)

where the second line is simply the complex conjugate of the first. Note that V|a|> = (Va)a +
a(Va). Guided by this, we may multiply the first equation by ga* and the second equation by
oa*, followed by adding them.

0= |oal’0S + 20a# VSV, ga, (5.3.12)
0 = |al?0S + 2¢a"V° SV, 0a, (5.3.13)
0= 2| OCL|2DS + ZVUSVU‘ OCL|2, ‘ 0&’2 = OCI/”W. (5314)

The right hand side of the final equation can be expressed as a divergence.
0=V, (|oa’V?S) = V, (| 0a|*k") (5.3.15)

Up to an overall normalization constant, we may interpret n’ = |oa|?k” as a photon number
current, and this equation as its conservation law.
We turn to examining the derivative along £ = V.S the normalized leading order photon

amplitude oa,/+/|oal?:

a V75V, 0a 0a

VISV, | = | = oo b V7SV, oal’. 5.3.16

<woa‘|2> oa? 2aapyr Vel (53.16)

Eq. (5.3.15) says VS - V|oal*> = —|oal*0S, while eq. (5.3.10), in turn, states oa,05 =
—QVUSVUQCLH.

V"Svgoa |0a|2
VISV, | 2| = by 0,005
(m |> o 2 aa?? "

_ VISVaots  VISVeots _ (53.17)

V| oal? V| oal?
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Lorenz gauge Let us not forget the Lorenz gauge condition: 0 = V*4, = ((V*a,) +
(i/e)V*Sa,)ee.

0= V”oau+6V“1au+62V“2a“+
+ie VS ga+ie®VS - 1a+ieVS - qa+ ... (5.3.18)

Negative One Setting the coefficient of ¢! to zero, we find the leading order polarization
vector must be orthogonal to the wave vector:

k* ga, = 0. (5.3.19)
zero Setting the coefficient of € to zero,
k+ 1Ay, = 1VH 0y (5320)

This is telling us that the polarization vector does not remain perpendicular to k* at the next
order.

To summarize, we have worked out the first two orders of the Lorenz gauge vacuum Maxwell’s
equations in the JWKB /eikonal /geometric optics limit. Up to this level of accuracy, perturbation
theory teaches us:

e The gradient of the phase of the photon field £ = V*S — which we may interpret as its
dominant direction of propagation — follows null geodesics in the curved spacetime.

e The photon number current is covariantly conserved.
e The normalized polarization vector is parallel transported along k*.

e This same wave vector is orthogonal to the polarization of the photon at leading order;
and the first deviation to non-orthogonality occurring at the next order is proportional to
the divergence of the polarization vector itself.

Problem 5.9. Electromagnetic Fields In classical theory, it is the electromagnetic fields
F,, that are directly observable, as opposed to the gauge-dependent vector potential A,. In the
leading order of the JWKB approximation, argue that

F,, =~ Re {Ek[ual,] exp (ZS/E)} , k,=V,S. (5.3.21)
€
Why is k#F),, ~ 07 This might appear at first sight to depend on the Lorenz gauge condition

in eq. (5.3.19), but argue that the Lorenz gauge condition continues to hold — at the leading
JWKB approximation — upon any gauge transformation of the form

A, — A, +Re{V, (l-exp(iS/e))}, (5.3.22)

where ¢ is a slowly varying function of spacetime compared to the phase exp(iS/e). O]
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Gravitational Redshift As alluded to at the beginning of this section, the frequency of
light according to a timelike observer may be defined as the number density of constant phase
surfaces piercing its worldline. This, in turn, may be formalized using the unit normal vector
u*0,, tangent to the said worldline:
w=lu-VS|= ‘ﬁ = k° = ky, (5.3.23)
dr

where 7 is the observer’s proper time. In other words, the frequency s the zeroth component of
the wave vector (= momentum) in an orthonormal basis in the observer’s frame.

Static Spherically Symmetric Metrics Near the surface of the Earth, we may model its
geometry — at least as a first pass! — as a static spherically symmetric one, given by

ds? = (A(r)dt)? — (B(r)dr)® — r?dQ?, (5.3.24)
A(T) = 1— TS7E’ B(?") = —1 s Ts,E = QGNME (5325)
r 1—rsg/r

The associated Lagrangian for the geodesic equation is
1
L=3 ((AK%)* — (BK")? — (rk”)* — (rsin(0)k?)?) ; (5.3.26)

where k* = d(t,r,0,¢)"/d\. (Remember this Lagrangian yields k*V,k” = 0.) The static
assumption allows us to immediately identify ‘energy’ E as the conserved quantity

L
E = % = A%, (5.3.27)

An observer at a fixed position (dr = dd = 0) has proper time
dr = A(r)dt. (5.3.28)
This allows us to identify the Oth vierbein Eaud:v“ = Adt as the observer worldline’s unit timelike

tangent vector. That, in turn, inform us eq. (5.3.27) is now

E= AWK = Ar)w(r) = wr) = —=

(5.3.29)

Here, we have recalled from our JWKB discussion above that k0 4s the frequency of the photon
measured by our observer. We may now send electromagnetic waves between observers at
different radii r; and ry (say, the bottom and top ends of the Pound-Rebka experiment) near
the surface of the Earth:

(5.3.30)

Compare this result to the time dilation result we worked out in Problem (?7). See also the
Wikipedia article on the Pound-Rebka experiment, the first verification of the gravitational time
dilation effect. O
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Problem 5.10. Co-Moving Redshift in Cosmology At large scales, we live in a universe
well described by a spatially flat Friedmann-Lemaitre-Robertson-Walker (FLRW) universe:

ds* = dt* — a(t)*d7 - A7, a(t) > 0. (5.3.31)

The observers at rest in this geometry — the ones that witness a perfectly isotropic Cosmic
Microwave Background sky (i.e., with a zero dipole) — have trajectories described by

Zr = (t, Zy), Zy constant. (5.3.32)

Exploiting the spatial translation symmetry of this geometry, we may postulate the following
ansatz for the Lorenz gauge vector potential:

A, = Re {au(kt)em)e“?-f} , k= |k); (5.3.33)

where the slowly-varying amplitude a,, does not depend on the spatial coordinates {z'}.
Show that, to leading order, the frequency of the photon according to a co-moving observer
redshifts as 1/a. Specifically, demonstrate that

a}(tobserver) a(temission)

= =(1+2)7h (5.3.34)

w (temission) a (tobserver)

where z is dubbed the redshift parameter. Since z is observable® — oftentimes inferred using
atomic spectral lines — we may employ it to determine the epoch of emission of a given signal. [

SExample: the Cosmic Microwave Background radiation is roughly 2.7 Kelvins, emitted from ‘the last scat-
tering surface’ roughly 380,000 years after the Big Bang and as observed from our vantage point has z ~ 1, 100.
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6 Classical Scalar Fields in Minkowski Spacetime

Field theory in Minkowski spacetime indicates we wish to construct partial differential equations
obeyed by fields such that they take the same form in all inertial frames — i.e., the PDEs are
Lorentz covariant. As a warm-up, we shall in this section study the case of scalar fields.

A scalar field ¢(z) is an object that transforms, under Poincaré transformations

ot = A 2" + at (6.0.1)
as simply
p(z(a') = ¢ (" = A" 2" + a") = p(2). (6.0.2)

To ensure that this is the case, we would like the PDE it obeys to take the same form in the
two inertial frames {x#} and {2} related by eq. (6.0.1). The simplest example is the wave
equation with some external scalar source J(x). Let’s first write it in the x* coordinate system.

" 0,0,p(x) = J(z), 0, = 0/0x". (6.0.3)
If putting a prime on the index denotes derivative with respect to x’#, namely 0, = 9/0x",
then by the chain rule,
Oy = %% = Oy (A"p:c”’ + a") 0y (6.0.4)
= A\?,0,. (6.0.5)
Therefore the wave operator indeed takes the same form in both coordinate systems:
N 00y =" A A,0,0, (6.0.6)
=n770,0,.
because of Lorentz invariance
AT N, =0 (6.0.8)

A generalization of the wave equation in eq. (6.0.3) is to add a potential V (¢):
Po+V'(p) =1, (6.0.9)

where 9% = 1**9,,0, and the prime is a derivative with respect to the argument.

6.1 Action Principle and Symmetries

There is in fact an efficient means to define a theory such that it would enjoy the symmetries
one desires. This is the action principle. You may encountered it in (non-relativistic) Classical
Mechanics, where Newton’s second law emerges from demanding the integral

te
SE/ Ldt, (6.1.1)
t

i

L=-mZt)? = V(Z({¢)). (6.1.2)

DO | —
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Here, L is called the Lagrangian, and in this context is the difference between the particle’s
kinetic and potential energy. The action of a field theory also plays a central role in its quantum
theory when phrased in the path integral formulation; roughly speaking, exp(iS) is related to the
infinitesimal quantum transition amplitude. For these reasons, we shall study the classical field
theories — leading up to General Relativity itself — through the principle of stationary action.

Lorentz covariance In field theory one defines an object similar to the one in eq.
(6.1.1), except the integrand £ is now a Lagrangian density (per unit spacetime volume). To
obtain Lorentz covariant equations, we now demand that the Lagrangian density is, possibly
up to a total divergence, a scalar under spacetime Lorentz transformations and other symmetry
transformations relevant to the problem at hand.

te
SE/ Ld% (6.1.3)
t

One then demands that the action is extremized under the boundary conditions that the field
configurations at some initial ¢; and final time t; are fixed. If the spatial boundaries of the
spacetime are a finite distance away, one would also have to impose appropriate boundary
conditions there; otherwise, if space is infinite, the fields are usually assumed to fall off to zero
sufficiently quickly at spatial infinity — below, we will assume the latter for technical simplicity.
(In particle mechanics, the action principle also assumes the initial and final positions of the
particle are specified.)

Let us begin with a scalar field ¢. For concreteness, we shall form its Lagrangian density
L(p, 0ap) out of ¢ and its first derivatives d,p. Demanding the resulting action be extremized
means its first order variation need to vanish. That is, we shall replace ¢ — ¢ + d¢ (which also
means J,p — Jup + 0,0¢) and demand that the portion of the action linear in d¢ be zero.

t oL oL
b S:/ ddx(—a T Y Y )
v " 00" " 9(0ap) 7

oL e te oL oL
= dd‘lza 1) } +/ A%z <——8a—) 6.1.4
U 00a) 71, T L T O T T 0(00p) (6.14)

Because the initial and final field configurations ¢(t;) and ¢(;) are assumed fixed, their respective
variations are zero by definition: dp(t;) = dp(ts) = 0. This sets to zero the first term on the
second equality. At this point, the requirement that the action be stationary means 4,5 be zero
for any small but arbitrary d¢, which in turn implies the coefficient of ¢ must be zero. That
leaves us with the Euler-Lagrangian equations

%_a oL
dp B aﬁ(aa )

(6.1.5)

We may now consider a coordinate transformation z(z’). Assuming L is a coordinate scalar,
this means the only ingredient that is not a scalar is the derivative with respect to d,p. Since
Ox“

ox'm

Oatp(z) = Opip(a’) = O (z(a')) (6.1.6)
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we have

oL dOpp(x)) 0L 9z AL
0(0ap(x))  0(Dap(x)) DOwp(x')) — da™ A(Duep(a’))”

That is, 0L/0(0.p(z)) transforms as a rank-1 vector; and 9,{0L/0(0ap(x))} is its divergence,
i.e., a scalar. Altogether, we have thus demonstrated that the Euler-Lagrange equations in eq.
(6.1.5), for a scalar field ¢, is itself a scalar. This is a direct consequence of the fact that £ is a
coordinate scalar by construction. A common example of such a scalar action is

(6.1.7)

Sle] = /ddw (%n“” POup — V(@)) , (6.1.8)

where V' is its scalar potential.

Problem 6.1. Show from eq. (6.1.5) that the equations derived from the action in eq. (6.1.8)
is 0%p = —V'(9). O

Internal Global Oy Symmetry To provide an example of a symmetry other than
the invariance under coordinate transformations, let us consider the following action involving

N > 1 scalar fields {©![I =1,2,3,..., N}:

S = /ddxﬁ (n“”@ugola,,gol,gplwl) ) (6.1.9)

With summation covention in force, we see that the sum over the scalar field label ‘I’ is simply
a dot product in ‘field space’. This in turn leads us to observe that the action is invariant under
a global rotation:

o' = Ry, (6.1.10)

where R', R';0; = dap. (By ‘global’ rotation, we mean the rotation matrices {R';} do not
depend on spacetime.) Explicitly,

/dd:cﬁ (1" 0,0 0,", ") = /ddxﬁ (1" 0,70, ") . (6.1.11)

Let us now witness, because we have constructed a Lagrangian density that is invariant under
such an internal Oy symmetry, the resulting equations of motion transform covariantly under
rotations. Firstly, the I-th Euler-Lagrange equation, gotten by varying eq. (6.1.9) with respect
to ¢!, reads

oL oL
= 0, 6.1.12
eI G112
Under rotation, eq. (6.1.10) is equivalent to
~ N\
(R‘1> o=y (6.1.13)
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which in turn tells us
N\
(R—1> 0 = Dagt”. (6.1.14)
Therefore eq. (6.1.12) becomes

ot oL 38ag0’Ja oL

aSOI 880,‘] - a@agpl aa(aagﬁ‘])’ (6115)
SN L sy ar
(R ) o = <R ) S (6.1.16)

The PDEs for our Op-invariant scalar field theory transforms covariantly as a vector under
global rotation of the fields {¢'}.

6.2 Local Conservation Laws

Non-relativistic You would be rightly shocked if you had stored a sealed tank of water on
your rooftop only to find its contents gradually disappearing over time — the total mass of water
ought to be a constant. Assuming a flat space geometry, if you had instead connected the tank
to two pipes, one that pumps water into the tank and the other pumping water out of it, the
rate of change of the total mass of the water

M= p(t, T)d*F (6.2.1)

tank

in the tank — where ¢ is time, # are Cartesian coordinates, and p(t, Z) is the water’s mass density
—is

d -
— pd’T = — (/ +/ ) d*% - (po). (6.2.2)
dt tank cross section of ‘in’ pipe cross section of ‘out’ pipe

Note that d23; points outwards from the tank, so at the ‘in’ pipe-tank interface, if the water
were indeed following into the pipe, %% (p?) > 0 and its contribution to the rate of increase
is positive. At the ‘out’ pipe-tank interface, if the water were indeed following out of the pipe,
—d2- (pt) < 0. If we apply Gauss’ theorem,

/ pd>E = —/ BV - (pv). (6.2.3)
tank tank

If we applied the same sort of reasoning to any infinitesimal packet of fluid, with some local
mass density p, we would find the following local conservation law

p=—0;(p-v"). (6.2.4)

This is a “local” conservation law in the sense that mass cannot simply vanish from one location

and re-appear a finite distance away, without first flowing to a neighboring location.
Relativistic We have implicitly assumed a non-relativistic system, where || < 1. This

is an excellent approximation for most hydrodynamics problems. Strictly speaking, however,
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relativistic effects — length contraction, in particular — imply that mass density is not a Lorentz
scalar. If we define p(t,Z) to be the mass density at (¢,7) in a frame instantaneously at rest
(aka ‘co-moving’) with the fluid packet, then the mass density current that is a locally conserved
Lorentz vector is given by

Ji(t, 7) = p(t, )" (L, 7). (6.2.5)

Along its integral curve v* should be viewed as the proper velocity d(¢, Z)*/dr of the fluid packet,
where 7 is the latter’s proper time. Moreover, as long as the velocity v# is timelike, which is
certainly true for fluids, let us recall it is always possible to find a (local) Lorentz transformation
A*,(t,Z) such that

(1,00 = o™ = A" (t, )" (L, T). (6.2.6)
and the mass density-current is now
JH = pt', )W = p(a) o (6.2.7)

The local conservation law obeyed by this relativistically covariant current J* is now (in Carte-
sian coordinates)

8" = 0; (6.2.8)

which in turn is a Lorentz invariant statement. Total mass M in a given global inertial frame
at a fixed time ¢ is

M= [ da*zJ° (6.2.9)

RS

To show it is a constant, we take the time derivative, and employ eq. (6.2.8):
M= [ d*%J° = — / d*70;.J". (6.2.10)
R3 R3

The divergence theorem tells us that this is equal to the flux of J¢ at spatial infinity. But there
is no J* at spatial infinity for physically realistic — i.e., isolated — systems.

6.3 Noether: Continuous Symmetries and Conserved Currents

A field is a substance permeating spacetime. In this section, we shall attempt to associate
with it energy-momentum at every location in spacetime, by identifying the Noether’s currents
associated with the symmetries of Minkowski spacetime. Specifically, the conservation of energy
is due to the time translation symmetry of the system at hand. The conservation of linear
momentum is due to its spatial translation symmetry; whereas the conservation of angular
momentum is due to rotational symmetry. Throughout this discussion, we will assume the
dynamics of the field theory is governed by some Lorentz invariant Lagrangian density that
depends on the field, and on its first derivatives — but no higher.

Spacetime Translations and Stress-Energy Tensor The physical interpretation
delineated here for the components of T is really an assertion. Let us attempt to justify it
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partially, by appealing to the flat spacetime limit, where the momentum of a classical field theory
may be viewed as the conserved Noether current of spacetime translation symmetry. Specifically,
let us analyze the canonical scalar field theory of eq. (6.1.8) but with g, = 7,,.

1

L(z) = 51" 0up(2)0vp(x) =V (p(2)). (6.3.1)

Since L is Lorentz invariant, we may consider an infinitesimal spacetime displacement,
ot =2 + ¥, (6.3.2)
for constant but ‘small” a*.
L(z)=L(2)+ a"0uL(z')+ O (a®). (6.3.3)

On the other hand, /02" = 0, = 0,y = 0/0x'" and

oL 0
Lz +a)= L)+ —"—a"0,p(z) + ———a"d, Dy o(x') + O (a* 6.3.4
(o ) = L&) 4 5o Dplel) + g5 Bueplal) + O (a) (634
oL oL oL
= L(z") + a"0, (2 {——8/—}—1—@”8/(&/ x’—)—l—(’) a?) .
( ) SO( ) 3@@’) 12 aaﬂ/so(‘r/) 1 gO( >(93M/g0(x’) ( )
(6.3.5)
Using the equations-of-motion for the scalar field
oL oL
— = 0y———— =0, 6.3.6
00) D) (6:3:)
eq. (6.3.5) becomes
L(x' +a)=L(z')+a"0 () (:c’)a—ﬁ (6.3.7)
= u/ y/(p aaﬂ/(p(ﬂﬂ) . X %

We may now equate the linear-in-a” terms on the right hand sides of equations (6.3.3) and
(6.3.7), and find the following conservation law:

O, {Cn <8V/<p(x/)% - 5;%(95')) } — 0. (6.3.8)

By setting a” = §), for a fixed v, we may identify the conserved quantity inside the {...} as the
Noether momentum p, due to translation symmetry along the v-th direction.” Doing so now
allows us to identify the conserved stress tensor

oL

T = 0ol g o)

— §hL(2). (6.3.9)

TAs a simple parallel to the situation here: in classical mechanics, because the free Lagrangian L = (1/ 2)9?2
is space-translation invariant, 0L/0z" = 0, we may identify the momentum p; = OL/Ji" as the corresponding
Noether charge.
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Applying this to eq. (6.3.1), we obtain

T — 0,00 — o G(a@? - v<so>) . (6.3.10)

It is possible to obtain the same result by first writing the scalar action in curved spacetime, and
reading off T as the coefficient of —(1/2)dg,, upon perturbing g,,, = g,»+99,,. Unfortunately,
this procedure does not yield a unique 7", let alone a necessarily gauge-invariant one. (This
issue has a long history, starting from at least [?, ?].)

Interpretation of J*,a". Just as the local conservation of mass or electric charge leads
to their appropriate currents J# and their divergence free properties 9, J*, we shall see here that
the conservation of energy and momentum leads us to the divergence-less energy-momentum-
shear-stress tensor — or, more commonly, the energy-momentum or stress-energy tensor.

In a given inertial frame, we associate time translation symmetry with the conservation of
energy. Hence, by choosing a”0, = 0;, we may associate J*, as the energy current. Whenever
it is timelike, the zeroth component J% may be associated with the co-moving energy density;
whereas J® is the momentum density (i.e., energy per time per area perpendicular to J©).

In the same inertial frame, we associate translation symmetry in the ¢th spatial direction with
the conservation of the ith component of momentum. By choosing a”0, = 0;, we may associate
J" with the current associated with the ith component of the (spatial) momentum. The zeroth
component J is the density of the ith component of momentum; this tells us J% ~ J? (up
to an overall sign). Whereas J* is the ith component of momentum per unit time across the
spatial surface perpendicular to the kth spatial direction. In particular, when k£ = 4, this would
be the momentum per unit time through the surface perpendicular to the ¢ = kth direction —
but this is simply the pressure (force per unit time) acting on an infinitesimal slab between z°
and 2’ 4+ dz’ in the ¢ = k direction. For ¢ # k, the J* is shear: force in the ith direction per
unit area perpendicular to the kth direction. Now, if the force in the kth direction per unit area
perpendicular to the ith direction were not equal to the J*, there will be a torque generated on
the (i, k) plane on an infinitesimal area. Hence, we expect J* = J*,

All these considerations allow us to identify the components J* = T°# as those of the
energy-momentum-shear-stress (note: stress = pressure) tensor, the flux of the pth component
of energy-momentum across the hypersurface orthogonal to the vth direction.

o T% is the energy density (= energy per unit spatial volume).

e T =T is the linear momentum density (= energy per unit time per unit area perpen-
dicular to the ith direction).

o T = TJ for i # j is the shear density; the flow of the ith component of momentum per
unit time per unit area perpendicular to the jth surface.

e T% is the pressure/stress (= force per unit area) in the ith direction.

Noether: General Case Let us suppose that a small change is induced on some real
scalar field d¢p that leaves the Lagrangian invariant up to a total derivative.

© — ¢+ 8o, (6.3.11)
L— L+ 0,K". (6.3.12)
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On the other hand, we may expand

0, K" = g—iw + %aﬂw (6.3.13)
1w
oL oL oL

The first group of terms on the right hand side of the second equality is the Euler-Lagrange
operation on the Lagrangian. In particular, we see that — if the EoM of the scalar is satisfied —
then we may identify

oJ" =0 (6.3.15)
oL
JH = op — K*. 6.3.16
70,7) (6:3:10)
Noether’s Currents: Ambiguities Notice we read off the Noether current from a diver-

gence equation of the form 9,J" = 0. That means we may add an identically conserved current
to the LHS and, hence, yield a different Noether J¥. It turns out, the most general identi-
cally conserved current takes the form 9,0, K* for arbitrary but anti-symmetric K* = —K"*.
Hence, Noether currents are always ambiguous up to this additive 9, K*¥ term. Furthermore, if
J#" is conserved, so is a constant A times it. To sum,

If, due to some continuous symmetry, J* is conserved when evaluated on the
solutions to the Euler-Lagrange equations, so is

Jr=A-(J*+9,K") (6.3.17)
for arbitrary constant A and anti-symmetric K* = — K"H,

This means the stress energy tensor we ‘derived’ earlier is, likewise, ambiguous in the same
manner. In a given physical situation, therefore, we need additional criteria to pin down the
precise physical meanings of the components of the Noether currents.

Internal SO, Example If a Lagrangian involves 3 scalar fields ¢! such that the former
is invariant under global SOp rotations of the latter:

1
L= 5 W' 0% =V (o), (6.3.18)
o' — B¢, (6.3.19)
L— L. (6.3.20)

Under infinitesimal rotations, we may rotate the pairs (1,2), (1,3) and (2, 3).

o= ol —if (fAB>U o’ (6.3.21)

Recalling that i(JAB) = (5[‘%(53, we may recognize

St = gTA B (6.3.22)
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The Noether currents — one for each rotation generator — are
oL
00,4
= Hplh . Bl (6.3.24)

JE = STARE] (6.3.23)

We may check explicitly that this is conserved. Firstly, the EoMs are

0*o' = =20V (7). (6.3.25)
Hence,
B " = Pl . Pl 4 ol 9, o) (6.3.26)
= 2V p* . Bl = . (6.3.27)
Problem 6.2. Noether, Lorentz and Angular Momentum Above, we consider the

Noether current 7%, obeying 9, T", = 0. corresponding to spacetime translation symmetry.
Let us now consider the Noether current J* e Obeying 0, J" op = 0, from the Lorentz trans-

formation 2 — A®g2’. (Why are there two extra indices (a3) on the Noether current? Hint:
How are the Lorentz generators labeled?) Show that it is possible to obtain

JreB — rleg Bl (6.3.28)

where T" is the Noether current of spacetime translations in eq. (6.3.9). Interpret the compo-
nents of J#*#; i.e., what is the Noether current of spatial rotations? And of boosts? ]

Problem 6.3. Symmetric Noether Currents Explain why, if 9,J**% = 0, where J+#
is given by eq. (6.3.28), then TH = T"H.

In other words, if we can obtain the Noether current of Lorentz transformations to be re-
lated to that of spacetime translations in the form of eq. (6.3.28), then the Noether current of
spacetime translations must be a symmetric tensor. This symmetry property is important for
interpreting T"" as the energy-momentum-stress tensor. O]

6.4 Hamiltonian Formulation

1D Particle Mechanics: Review In particle mechanics, from the Lagrangian L(q, ¢), we
may define the momentum conjugate to the (generalized) position ¢ as

= (200 "

This relation between p and (g, ¢) usually allows us to invert ¢ for the pair (g, p); so that every
variable can now be expressed in terms of this pair — this allows the interpretation of (¢, p) as
independent “phase space” variables in what follows. The Hamiltonian itself is

H(q,p) =p-q(q,p) — L(g,p), (6.4.2)
L(q,p) = L(q,4(q,p))- (6.4.3)
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Hamilton’s equations now reads

. OH ) oOH
q=— and p=——

. 4.4
i 9 (6.4.4)

Field Theory For field theory, an analogous discussion follows. The Lagrangian £(p, 0p) =
L(p, ¢, V) depends on the field (which is analogous to the position ¢) and its partial derivatives.
The time derivative ¢ = 0y is analogous to ¢; this, in turn, allows us to define the momentum
conjugate to ¢ as
oL
(z) = ————. (6.4.5)
A(0op())

Like the particle mechanics case, we shall assume it is possible to solve ¢ in terms of ¢ and II.
We then define the Hamiltonian density via the Legendre transform:

H=II-0yp — L. (6.4.6)
We may vary this Legendre transform,
oL oL oL
OH = 011 - Ogp + I1 - Ogdp — o —dp — 9000 Jodp — 900 ——0;0p (6.4.7)
=0Il- Ogp + 11 - Oydp — g—ﬁ&p IT- Oydp — aaaﬁ ;¢ (6.4.8)
oL oL oL
= oIl - - — ——0p — 0; . 4.
OIT - Oyp 380&0 + 81887;90(5@ 0; <88i<p ) (6.4.9)
Applying the Euler-Lagrange equations
oL oL oL
; = — 4.1
5T T (6:410)
oL oL
; — 4.11
o~ op O (6.4.11)
to eq. (6.4.9), we find that
oL oL 8£
=6l - p—1I1-0¢p — 0 ((fﬁﬁ 5g0> (6.4.13)

On the other hand, we may vary the Hamiltonian as a function of the field, its spatial gradient,
and the conjugate momentum:

© = p+dp, (6.4.14)
IT — 1T + 61I; (6.4.15)
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and discover

oH OH oH
=T % o (6.4.16)
oH oH OH oH

Comparing the two variation results,

. OH . OH OH OH oL
- (-5n) - (10455 -, ) oo ={ (g *agg) 00} 6419

If we integrate both sides over space, the right hand side will be converted into a surface integral
at spatial infinity, which we may argue should fall off to zero as long as dp does.

/RD de{an- (@ — ‘;—}H‘) - (H+ ‘27; 0; 8&@% ) 5¢} (6.4.19)

By viewing II and ¢ as independent variables, the coefficients of their variations on the left hand
side must therefore be individually zero because 11 and d¢ are arbitrary at every point in space.

. OH OH

This in turn implies, the right hand side of eq. (6.4.18) must be zero too. And since d¢ was
arbitrary,

oH oL
=— . 6.4.22
9(0ip) 9(0ip) ( )
Example Let us work out Hamilton’s equations for the canonical scalar field in eq. (6.3.1).
oL
I[I=——==¢ 6.4.23
0 ¢ (6.4.23)
The Lagrangian is thus
Lo 1o o
The Legendre transform now reads
2 Lo Lg o
Lo 1o o
= 5H + §(Vg0) + V. (6.4.26)
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Hamilton’s equations are

¢ =TI, (6.4.27)
1= Vi — V'(p). (6.4.28)

When combined, they simply yield ¢ — 62@ = —V" as before. We may also readily verify

%) oL
d(0ip) d(0ip)
Problem 6.4. Lagrangians from Hamiltonians Starting from the relationship between
the Hamiltonian and the Lagrangian in eq. (6.4.6) — but in terms of II, d;p and ¢ — show
that Hamilton’s equations in equations (6.4.20) and (6.4.21) imply the Euler-Lagrange equation

OuIL 9N y0)) = DL/, 0
Problem 6.5. Hamilton’s Equations for Oy model Work out Hamilton’s equations
from the Lagrangian in eq. (6.3.18). [
Problem 6.6. Poisson Brackets and Time Evolution Define the ‘equal-time’ functional
derivatives
do(t, T)
2L = 57 — ), 6.4.30
p(t, 9) E-9 ( )
OlI(t, Z)
L= 5PNE — 6.4.31
e BLIC ) (6:431)
op(t, @ oll(t, @
ot,3) __ o0Le), (6.4.32)
SI1(t, /) S (t,7)

as well as the ‘equal-time’ Poisson bracket

{f(p(t, %), 11(t, 7)), g((t, @), (¢, 7))}
[ o (3f(63) 398 F)  S9(t,F) 5f(t,7)
_/RDd y<5¢( 7 ) (6.4.33)

ON(t, )  bp(t, ) OTL(t, )
Show that, for the canonical Hamiltonian in eq. (6.4.26), the Poisson bracket equations

Opp(t, T) = {(t, T), H(t)}, (6.4.34)
OII(t, %) = {II(t, ), H(t)} (6.4.35)
involving the total Hamiltonian
H(t) = / APz H(t, 7"); (6.4.36)
RD
is in fact equivalent to Hamilton’s equations. O
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6.5 Fourier Space(time)

One of the key insights that we need for doing perturbative field theory in Minkowski space-
time, is that the linear massive wave equation is really an infinite collection of simple harmonic
oscillators (SHOs) in Fourier space. That is, if we decompose

Pk . Pk L
t.7) = —— 3(t, k)T = —— 3(t, k)e i 5.1
ot T) / oyt Pe / oyt B (6.5.1)
we see that
d3];; A o~ iﬂ_f
0*p(z) = / ok <g0—i— k2<p) e (6.5.2)

because each spatial derivative acting on the exponential amounts to the replacement rule 9; —
—ik; because

;e T = 9 (—ikya!) €7 (6.5.3)
= (—iks) &7 (6.5.4)
= (—ik;) e* 7, (6.5.5)

The wave equation sourced by some external J,
B(t,3) — V(b 7) + mPa(t, &) = J(1,) (6.5.6)

becomes the driven SHO equation

~ —

ot k) + E23(t, k) = J(t, k), (6.5.7)

where the SHO frequency is the energy

E-

\ k2 4+ m2. (6.5.8)

This insight is particularly important when we later quantize ¢, because we may then view each
Fourier mode of the scalar field as a quantum SHO. But let’s first turn to two key physical
features of our scalar field. First, for the linear wave equation sourced by J, let us witness that
the presence or absence of the mass m determines whether ¢ itself is short- or long-ranged.

Classical Linear Solutions Remember that the retarded Green’s function of the SHO
with frequency 2 is

Gano(7) = (1) ) (6.5.9)
where
(5 +7) Ginol) = 5(2) (6.5.10)



The classical causality-obeying solution to eq. (6.5.7) is thus

@(t,E)Z/t Sm(Eq(t_t/)) J(t k)d (6.5.11)

APk o ansin(Ep(t —t')
D - i ik-(Z—a") k I 5.12
0= [ oz /dt( o [ o () jww) s

= / dPz / At/ Grep(x — 27)J (2) . (6.5.13)
RD R

Problem 6.7. Long or Short Range?” Massive versus Massless Consider a static
point mass resting at # = 0 in the {z#} inertial frame, namely

J(t,7) = Joo® (Z), Jo constant. (6.5.14)

Solve eq. (6.5.6). Hint: You may assume the time derivatives in eq. (6.0.9) can be neglected.
Then go to Fourier k—space. You should find

e Jo
k) == ) 6.5.15
Al = = (6.5.15)
You should find
o(t,r=17),0,¢) = JOM- (6.5.16)

A7y

That is, ¢ describes a short-range force (with range 1/m) that, when m — 0, recovers the long-
range Coulomb/Newtonian 1/r potential. (Hint: The 3D Fourier integral can be reduced to a
1D integral, which can then be tackled by closing the contour on the complex plane.)

Next, consider an inertial frame {2/#} that is moving relative to the {z#} frame at velocity
v along the positive z® axis. What is ¢(z’) in the new frame? O

Problem 6.8. Nonlinearities as Self-Coupled SHOs By going to Fourier space, con-
sider a potential that is a polynomial of degree n in the field ¢, with minimum at ¢ = 0,

—~p
Vig) =Y 7‘5904 (6.5.17)
(=2

Show that the Fourier space version of eq. (6.0.9) is:

P, k) + (K + po)B(t, k) = J(t,F)

. ipgﬂ I1 (/ é k)sg otk )) (27)36®) (/%‘ B o E@) . (6.5.18)

Observe, for a given lg, the non-linearities of the potential V' (¢) give rise to a driving force — the
second line on the right hand side — due to the field itself but from superposing over a range of
Fourier modes.
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Hint: Let’s work out the ¢ = 2 contribution as an example. This is comes from the cubic ps
term in the potential:

V'(¢) = psot,©)* +.... (6.5.19)
The Fourier decomposition of ? is
;E(t, k) = /dgfgo(x)QeiE'f (6.5.20)
3= d3121 ~r1 T\ ik1-E d3E2 (1 1o\ piko & —ik-&
= [ d°% (2ﬂ)390(t,k1)e (27?)390“’ ko)e™ e (6.5.21)
S L & ARt Ee P
— / (2ﬂ)13¢(t,k1) / (%)23@(15, ks) / A3 itk tha—k)2 (6.5.22)
A B
_ 5 Sl ) 26 (R By — k) 5.2
/(27T)3g0<t,]€1)/ (271')390(16’ kg)( 7T> 0 k kl kg (65 3)
[
Problem 6.9. Dispersion relations Consider the massive Klein-Gordon equation in
Minkowski spacetime:
(87 +m®) ¢(t, %) =0, (6.5.24)

where ¢ is a real scalar field. Find the general solution for ¢ in terms of plane waves exp(—ik - x)
and obtain the dispersion relation:

k* = m? & E?* = p* +m?, (6.5.25)

E=1, p=F. (6.5.26)

If each plane wave is associated with a particle of d—momentum £, this states that it has mass
m. The photon, which obeys k? = 0, has zero mass. O

6.6 *Uniqueness of Lagrangians

In this section, let us ask the following question. Suppose two Lagrangian densities L(¢, d¢)
and L'(p, 0¢), which we shall assume only depends on ¢ and its first derivatives, yield the same
EoM:

oL oL oL’ oL’

99 %00~ 05 o0,

(6.6.1)

What is the most general A = £ — £'? In particular, this means A solves the Euler-Lagrange
equation identically — namely, its form should not depend on the specific solution of ¢.

_9A 5 04
0y " 00,

OA 82A 82A
9y 5“90&,068”90 - a“a”spaawaaucp

0 (6.6.2)

(6.6.3)
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Since this holds for any ¢, the only way the second derivative terms vanish is

02N

———————————— . .4
90,000, (664

i.e., A can only be linear in dy.
A = Ar(p) + 0apAfi () (6.6.5)

Euler-Lagrange then reduces to

Ai(gp) + aaQDA?I/(QO> - aaA%<§0) =0 (666)
A1(e) + 0apATY (9) = apAR () = 0 (6.6.7)
A(p) =0. (6.6.8)
Hence, if we define
AS(2) = / A% ()d2, (6.6.9)
most general A is a total divergence (plus an irrelevant constant):
A = 0aA5() = apAfi(p). (6.6.10)

If two Lagrangian densities depending on ¢, dy but no higher derivatives yield
the same Euler-Lagrange equations-of-motion, they must differ only up to a total
divergence.

Actually, if the single scalar theory is Lorentz invariant, Afj would have to be proportional to
0%p, since there are no other vectors in the problem at hand. But Afj does not depend on the
derivatives of ¢. Hence, the result is likely stronger: a field theory involving a single scalar that
has a Lorentz invariant Lagrangian density £(¢, d¢) must be unique up to an additive constant.
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